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Dans ce mémoire, nous nous sommes intéressés à la possibilité de faire coexister

un système de communication à spectre étalé CDMA avec le système classique à bande

étroite. Nous avons étudié la réjection de l’interférence à bande étroite modélisé comme

un système virtuel d’interférents CDMA. D'abord, nous avons étudié le détecteur MMSE

(Minimum Mean Square Error), et nous avons évalué ses performances. Ensuite, nous

avons focalisé notre étude sur sa version adaptative aveugle qui a l’avantage de ne

nécessiter aucune connaissance préalable sur l’interférence. Une analyse spatiale du signal

reçu nous a permis de décrire avec précision la trajectoire d’évolution du détecteur

aveugle et d'en identifier plusieurs inconvénients et anomalies. On a défini deux nouvelles

contraintes sur le pas de convergence, qui en ont nettement amélioré la vitesse et la

qualité. Enfin, nous avons proposé un nouveau détecteur adaptatif et aveugle qui évite les

anomalies du détecteur précédent et qui tire profit des nouvelles contraintes de

convergence.

------------------------------------
Prof. Leslie Ann Rusch
Directrice de recherche

------------------------------------
Habib Fathallah

Étudiant à la Maîtrise



vii

$EVWUDFW

In this dissertation, we study the coexistence of two different communications

techniques in a given frequency band: narrowband and direct sequence spread spectrum

(DSSS). We interpret the digital narrowband interferer as a set of virtual, orthogonal code

division multiple access (CDMA) system users. We first applied the fixed minimum mean

square error (MMSE) receiver to our system, and analyzed its performance in terms of

probability of error, and signal to noise ratio. We next focused on a blind adaptive

suppression technique, which has the major advantage of only requiring knowledge of the

desired user’s spreading code to recover the data bits. We used subspace analysis to

describe the mean tap weight vector trajectory. We identified some convergence anomalies

in the blind algorithm and derived two improved constraints on the adaptation step size,

both fixed and variable. Finally, we proposed a new blind adaptive detector that avoids the

convergence anomalies, while capitalizing on the new constraints on the step size for

faster and better quality of convergence.

------------------------------------
Prof. Leslie Ann Rusch

Research Advisor

------------------------------------
Habib Fathallah

Master's Candidate
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 Code division multiple access (CDMA) implemented with direct sequence spread

spectrum (DSSS) signaling is among the most promising multiplexing technologies for

cellular telecommunications services such as personal communications, mobile telephony,

and indoor wireless networks. The advantages of direct-sequence spread spectrum for these

services include superior operation in multipath environments, flexibility in the allocation of

channels, the ability to operate asynchronously, enhanced privacy, and increased capacity in

bursty or fading channels [1].

 The spread-spectrum communication is inherently resistant to the narrowband

interference (NBI) caused by coexistence with conventional communications signals. This

follows from spread spectrum’s jamming resistance that made it originally attractive for

military applications. To combat an adversary who deliberately attempts to jam the

frequency of military communications, the military signal is spread out in the frequency

domain. The jammer power density is by its nature concentrated at a relatively very narrow

bandwidth of frequency. At reception, the despreading operation spreads the narrowband

signal across a large bandwidth, while the military signal is despread and collapses back to

its original data bandwidth. It’s interesting to note that after despreading the situation is

reversed between the original narrowband interferer (now wideband), and the original data

signal (now narrowband). This process is illustrated in the Figure 2.1.

 Due to these original characteristics, it has been proposed that spread spectrum be

overlaid on existing frequency band occupants. These existing users would have very narrow

bandwidth compared to the spread spectrum signal. The ability of spread spectrum systems

to coexist with narrowband communication systems on the same bandwidth without

degrading either the narrowband or the CDMA system’s performance is a very attractive

feature of this technique. The inherent processing gain of a spread spectrum system provides

a great degree of interference rejection capability, reducing interference by as much as one
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over the spreading code length. At times the interfering signal is powerful enough so that

even with this advantage communication becomes effectively impossible. Over the past two

decades, a significant body of research has been concerned with the development of

techniques for active narrowband interference (NBI) suppression in spread spectrum

systems. Milstein [22] offers an excellent review of those methods developed prior to 1988.

Research has shown that performance can be increased by processing to suppress

narrowband interference especially for commercial applications that presuppose a powerful

licensed interferer and a spread spectrum system constrained in power so as not to disrupt

existing communications systems.

 The narrowband users in spread spectrum communication can be viewed as an

additive noise with a non-gaussian distribution. The presence of the narrowband signal

makes the environment non-gaussian. Several schemes have been proposed to filter out such

narrowband signals before going to matched filter the received waveform [26-30]. The

narrowband signal is predictable, while the wideband spread spectrum signal is not. One of

the most common approaches uses filtering to predict narrowband signals and to subtract

these predictions from the received signals. Such a scheme is termed a predictor/subtractor

detector. Analysis of this filtering technique has modeled the narrowband signal as either a

deterministic sinusoidal signal or an autoregressive signal (AR). These models greatly

simplify analysis, yet still capture the narrowband property of the interferer. They do not

apply, however, to a digital interference signal.

 Poor and Rusch [29] provide an overview of more recent NBI suppression

techniques, especially those employing non-standard signal processing methods to enhance

the interference rejection capabilities in CDMA systems. They consider nonlinear filtering

techniques [27-30] in which the spread spectrum CDMA signal (digital) is modeled as a

non-Gaussian noise in the interference suppression process. We are more interested in [30]

where Rusch and Poor first apply the techniques of multiuser detection  to remove a digital

narrowband interference signal. They interpret each interfering bit as a virtual SS user

(Figure 2.10). Suppose we have m+1 narrowband bits occurring in the time of a single SS
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bit. This can be interpreted as a code division multiple access (CDMA) system with m+2

users.

 Multiuser detection theory gives us the optimal and various sub-optimal receivers

for such a system. These receivers require information on some, or perhaps all, of the

following parameters: signature sequences, received energies, timing delays, etc. of all users.

In particular, the NBI suppression method of [30] is based on the use of the decorrelating

detector for removing digital interferers from the channel. The major significant practical

disadvantage of the decorrelating detector is that it requires the knowledge of waveforms of

all users in the channel, including the narrowband interferers. The MMSE receiver proposed

by Rusch and Fathallah [31] and reproduced in section 2.5, provides a slight increase in

performance in terms of probability of error in the range of high signal to interference ratio,

but it also requires the knowledge of all users waveforms, as well as the spread spectrum

and interference powers.

 7KH�QHHG�IRU�EOLQG�DGDSWDWLRQ

 The minimum mean square error (MMSE) detector is of interest as an adaptive

version can be implemented which does not require knowledge of the interfering signals

characteristics. Minimizing the mean square error (MSE) directly requires a training

sequence for every active user during initial adaptation. Each transmitter sends a training

sequence at start-up which the receiver uses for initial adaptation. After the training

sequence, the receiver can switch  to a decision-directed mode. However, the decision

directed adaptation becomes unreliable during drastic changes in the interference

environment, and consequently, data transmission of the desired user must be suspended and

the training sequence must be retransmitted. The above observations motivate the need for a

blind adaptation technique in volatile multi-access channels, particularly in the presence of

narrowband interference. In our NBI suppression it is also unrealistic to expect interferers to

submit to the transmission of training sequences.
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 2YHUYLHZ

 We begin in chapter 1 with a brief review of spread spectrum communications and

various multiple access techniques. We consider in particular direct-sequence spread

spectrum with code division multiple access (DSSS/CDMA), and introduce both the

mathematical and the geometric model of this system. We present useful performance

measures for CDMA systems, and briefly review the most important multiuser detectors.

 In chapter 2, we consider the narrowband interference  problem. In sections 2.1 to

2.4, we present previous work in narrowband interference mitigation in (DSSS/CDMA). In

section 2.2 we briefly treat the principal linear methods that have been proposed, devoting

most of our attention to the most recently proposed methods. We describe nonlinear filtering

methods that offer improved suppression capability over linear methods in the

estimator/subtractor configuration. NBI has typically been modeled as a sinusoidal signal or

as a narrowband autoregressive signal. We exploit the structure of the digital NBI to further

improve the performance of active NBI suppression.

 We present the first of our contributions in the section 2.5. We take the general

expression for the minimum mean square error (MMSE) receiver and apply it to the

narrowband suppression problem when the NBI is a binary signal, arriving at a closed-form

solution for the MMSE detector and its probability of error. We describe the theoretical and

simulation results of the MMSE receiver compared of other receivers previously applied to

the interference suppression problem [30].

 In chapter 3, we focus on the blind multiuser detection algorithm proposed by

Honig, Madhow and Verdú [14]. This detection approaches the MMSE detector, yet unlike

this detector, it only requires knowledge of the spreading code of the desired user (in our

case, the true SS user). The discrete time received signal can also be interpreted as a vector

which has components due to the different users and noise. The geometric description of the

channel is of great interest. In fact, it allows us to describe the evolution of the blind

adaptive algorithm. In section 3.2, we define several bases for the space spanned by all

possible signature sequences, as well as important subspaces. We examine the eigenspaces
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of the received signal’s covariance matrix to partition the signal space in three subspaces,

ΓNO, ΓI&N and ΓE. We demonstrate the significance of these subspaces in terms of how

energy from the desired user, the AWGN and the narrowband interference is distributed

among them. In particular, the subspace ΓE is a two dimensional subspace which contains all

the energy of the desired signal and a subset of the interference and noise energies. ΓNO

contains only noise, and ΓN&I contains only a subset of interference and noise energies.

 In section 3.3, we show that for this virtual CDMA system, the three fixed

receivers of interest [the matched filter (or conventional detector), the decorrelating

detector, and the MMSE receiver] all project the received signal onto this two-dimensional

subspace ΓE. Previous subspace analysis of systems with wideband interference has not

identified this two dimensional space, but always involved much higher dimensional spaces.

By identifying this space we are able to parameterize the receivers of interest by a single

variable in contrast of m+1 variables in a system with m+1 wideband interferers. Because the

space is of low dimension, we describe in sections 3.4 and 3.5 the mean trajectory of the

stochastic blind adaptive detector. We find that the mean trajectory also falls in the two

dimensional subspace ΓE. Because the above observations, we are able to improve the

criteria on the step size for stability in the adaptive algorithm which searches for the MMSE

solution. In section 3.6, we propose two new limits on the step size that allows for much

faster convergence. The first new limit is independent of time, whereas the second is a

variable step size that decreases with the iteration number.

 In chapter 4, the low dimension of the effective energy space allows us to define a

general linear receiver as a function of one parameter. Each linear receiver of interest is

characterized by a particular value of this parameter. We use this derivation to formulate a

paramaterized version of the probability of error, the asymptotic efficiency, the near far

resistance, the mean output energy (MOE), and the signal to interference ratio (SIR). This

parameterization allows an alternate derivation of the MMSE receiver and also allows us to

see the effect of weak interference on the mean output energy (MOE). Using our single

parameter model of the MOE we identify an anomaly in the convergence for weak

interferers. We show that while the MOE is always convex, it is extremely shallow for weak
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interference signals. The adaptive version of the MMSE receiver minimizes the mean output

energy via a gradient descent. Using our single parameter model we easily describe the mean

evolution of the adaptive detector in a simple two-dimensional subspace, especially in the

most important eigenvectors directions. Because the minimization function is convex, the

algorithm will not be trapped by local minima, however when this function extremely

shallow it is easily lead astray by spurious noise samples. In section 4.3 we examine how

system parameters affect the efficiency of the convergence of the adaptive algorithm. We

find the algorithm cannot effectively converge to the MMSE receiver when the narrowband

interference power is weaker than the spread spectrum signal’s power.

 In section 4.4, we present simulation results for the fixed and adaptive receivers.

Monte Carlo simulations confirm theoretical calculations of the probability of error for all

receivers. We show faster convergence of the stochastic gradient algorithm when the new,

looser constraint is applied to the step size, focusing on convergence along the eigenvectors

of interest. We also match Monte Carlo results to theoretical results for the parameterized

mean output energy illustrating sensitivity to interference power. Finally, we propose a new

adaptive receiver that avoids the convergence anomalies while capitalizing on the new step

size for faster convergence.



 &KDSWHU��

&'0$�&RPPXQLFDWLRQV

���

Code division multiple access implemented with direct sequence spread spectrum

signaling is among the most promising multiplexing technologies for cellular

telecommunications services such as personal communications, mobile telephony, and indoor

wireless networks. The advantages of the direct-sequence spread spectrum for these services

include superior operation in multipath environments, flexibility in the allocation of channels,

the ability to operate asynchronously, enhanced privacy, and increased capacity in bursty or

fading channels. The ability of spread spectrum systems to coexist with narrowband

communication systems on the same bandwidth without significantly degrading either the

narrowband or the CDMA system’s performance is another attractive feature of this

technique.

We begin in sections 1.1 and 1.2 with a brief review of various multiple access

techniques and spread spectrum communications. In section 1.3, we consider in particular a

direct-sequence spread spectrum with code division multiple access (DSSS/CDMA) system.

We introduce both the mathematical and the geometric model of this system. In section 1.4

we present useful performance measures for CDMA system. In section 1.5 we present a

brief review of the most important multiuser detectors.
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����� 0XOWLDFFHVV�WHFKQLTXHV

�������5DQGRP�PXOWLDFFHVV�WHFKQLTXHV

 Different approaches can be applied to dynamic channel sharing. For example,

random PXOWLDFFHVV�FRPPXQLFDWLRQ�WHFKQLTXHV� in which a user initiates communications as

if it were the sole user of the channel. If there are no simultaneous transmissions, the

message is received successfully. Two popular implementations of random multiaccess

communication are the ALOHA and carrier sense multiple access with collision detection

protocols (CSMA/CD). The main difference between these two protocols is in the algorithm

used to determine the retransmission delay when simultaneous transmissions lead to data

loss. ALOHA is the first random multi-access communication system proposed for a radio

channel in 1969 [2,5]. CSMA/CD is used in the Ethernet coaxial-cable local area networks.

In the CSMA protocol, each terminal on the network monitors the status of the channel

before transmitting information. If the channel is idle (L�H�� no carrier is detected), the user

transmits a packet of data. As transmissions are uncoordinated, simultaneous transmissions

can occur. In such cases a collision is detected, and the transmission is immediately aborted

in midstream. Thus all users must be capable of  "listen-while-talk" operation [4]. These

approaches to sharing a channel are based on the philosophy of having no more than one

transmitter active of given time. When more than one users are active, (L�H. when they

overlap in both frequency + time), the receiver is not able to recover any of the colliding

transmissions.

�������7'0$��)'0$��DQG�&'0$

 Three major multiple access techniques are used to share the available bandwidth

in a wireless communications. The three techniques are time division multiple access

(TDMA), frequency division multiple access (FDMA), and code division multiple access

(CDMA). TDMA allows users to share the same frequency band, but allocates a unique time

slot to each user in a cyclical fashion, as seen in (Figure 1.1 a). In FDMA a user is assigned a

particular frequency band which is not shared by other users in the geographic vicinity as
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illustrated (Figure 1.1 b). In a CDMA system (Figure 1.1 c), the receiver need not concern

itself with the fact that signals overlap both in frequency and in time. Instead unique

“signatures” waveforms (or codes) are used by each user. The actual, or near orthogonality

of these codes allows successful communications in the presence of simultaneous

transmissions.

 

)LJXUH�����D��)'0$��E��7'0$��DQG�F��&'0$�

 An interesting comparison for the three multiple access techniques is given by

Verdù [2]:

�)URP� WKH� YLHZ� SRLQW� RI� XWLOL]DWLRQ� RI� FKDQQHO� UHVRXUFHV�� RUWKRJRQDO� &'0$� KDV� QR

DGYDQWDJH�RYHU�)'0$�RU�7'0$� ����7KH�RQO\�DGYDQWDJH�RI�&'0$�RYHU�7'0$�DQG

)'0$�LV�WKH�H[WUD�IOH[LELOLW\�LW�DIIRUGV�LQ�RUGHU�WR�VKDSH�WKH�WLPH�DQG�IUHTXHQF\�GRPDLQ
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ZDYHIRUPV����WKH�RUWKRJRQDOLW\�RI�WKH�VLJQDWXUH�ZDYHIRUPV�LV�QRW�QHFHVVDU\�IRU�&'0$�WR

ZRUN��LQ�WKH�VHQVH�WKDW�WKH�YDULRXV�VLJQDOV�FDQ�VWLOO�EH�GHPRGXODWHG��,QGHHG��WKLV�D�PDMRU

UHDVRQ� ZK\� &'0$� LV� DQ� DWWUDFWLYH� PXOWL�DFFHVV� WHFKQLTXH� IRU� PDQ\� PXOWLXVHU

FRPPXQLFDWLRQ� V\VWHPV�� 'URSSLQJ� WKH� UHVWULFWLRQ� RI� RUWKRJRQDO� VLJQDWXUH� ZDYHIRUPV

KDV� WZR�PDMRU� FRQVHTXHQFHV�� �D�� 7KH� XVHUV� QHHG� QRW� EH� V\QFKURQL]HG�� �E��$� JUHDWHU

QXPEHU�RI�VLJQDWXUHV�FDQ�EH�DVVLJQHG��

 The two digital communication techniques TDMA and FDMA can be seen as a

special cases of CDMA where the signatures waveforms are non-overlapping in the time

domain and the frequency domain, respectively.

����� 6SUHDG�VSHFWUXP�V\VWHP

 We only consider direct sequence spread spectrum which employs a pseudonoise

(PN) sequence to modulate the phase of the data. The alternatives, "frequency hopping",

whereby the carrier frequency is shifted in a pseudorandom way is not discussed here.

Direct-sequence spread spectrum was originally designed for single-user military

communication systems to provide privacy (to demodulate the signal you need special

information of the chip modulation sequence); low probability of intercept (the power

spectral density of the transmitted signal is comparable to that of the ambient noise); and

immunity to jamming interference.

 One method of spreading the spectrum of a data-modulated signal is to modulate

the signal a second time using a very wideband spreading signal (or PN code) (Figure 1.2).

The second modulation usually takes the form of digital phase modulation. The spreading

signal is chosen to have properties which facilitate demodulation of the transmitted signal by

the intended receiver, and while making demodulation by unintended receiver as difficult as

possible [4]. Typically, the different signature waveforms used in implementations of CDMA

systems are constructed from pseudonoise (PN) sequences which can be easily generated by

linear feedback shift-registers.
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)LJXUH�����'LUHFW�VHTXHQFH�VSUHDG�VSHFWUXP�V\VWHP

 To demodulate a DSSS signal, it is shifted to baseband and correlates with a

replica of the PN sequence used for transmission. Note that this requires that the

transmitters maintain synchronization, so that their data bit epochs coincide.

 In a spread spectrum system there are two modulations, (1/T) corresponding to

the data modulation rate and (1/Tc) corresponding to the chip modulation rate, or the code

rate. As illustrated in Figure 1.3, the transmission bandwidth (1/Tc) employed is much

greater than the minimum bandwidth required to transmit the digital information (1/T). A

definition of spread spectrum that reflects the characteristics of this technique is given by

Pickholtz et�DO� in[1]:

�6SUHDG�VSHFWUXP�LV�D�PHDQV�RI�WUDQVPLVVLRQ�LQ�ZKLFK�WKH�VLJQDO�RFFXSLHV�D�EDQGZLGWK

LQ� H[FHVV� RI� WKH� PLQLPXP� QHFHVVDU\� WR� VHQG� WKH� LQIRUPDWLRQ�� WKH� EDQG� VSUHDG� LV

DFFRPSOLVKHG�E\�PHDQV�RI�D�FRGH�ZKLFK�LV�LQGHSHQGHQW�RI�WKH�GDWD��DQG�D�V\QFKURQL]HG

UHFHSWLRQ�ZLWK� WKH� FRGH� DW� WKH� UHFHLYHU� LV� XVHG� IRU� GHVSUHDGLQJ� DQG� VXEVHTXHQW� GDWD

UHFRYHU\��
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)LJXUH�����7KH�VLJQDO�SRZHU�VSHFWUDO�GHQVLW\��D��EHIRUH�VSUHDGLQJ��E��DIWHU�VSUHDGLQJ�

Figure 1.3 shows the power spectral density of the signal before and after spreading, where

N=T/Tc is the spreading gain, T is a bit period, Tc is a chip period, and ωc is the carrier

frequency. The shaded area represents additive white Gaussian noise (AWGN).

����� '6�&'0$

 In the CDMA channel sharing strategy, each user is assigned a different signature

waveform. We have seen in the last section that the orthogonality of signature waveforms is

not necessary for reliable DS-CDMA communications. We replaced the requirement that the

signature waveforms be orthogonal by the requirement that their mutual interference be

tolerable. The signature waveforms or codes can be viewed as a vectors in the N-

dimensional space. The cross-correlation between the vector codes measures the mutual

interference between the signature waveforms. The cross-correlation between the codes is a

very important parameter in the design and selection of codes. The PN codes sequences are

usually generated by shift registers. Good autocorrelation properties means that PN

sequences facilitate synchronization and are good choices for channels subject to multipath

propagation, where it is important to be able to distinguish between delayed replicas of the

signal [3]. We note also that the number of simultaneous users should not exceed a

predetermined design parameter in order that the interference remains tolerable.
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�������6\VWHP�PDWKHPDWLFDO�PRGHO

 We consider a K+1 users DS-CDMA system in an otherwise additive white

Gaussian noise channel. The received signal r(t) is expressed as a function of the multiple

access data SS signal St(E), and the channel noise Nt

r t = S Nt t1 6 ( )E + (1)

where Nt= σ n(t) is a zero mean additive white Gaussian noise (AWGN) process with power

spectral density σ2, and the baseband synchronous multiple access data DS/CDMA signal

coming from the K+1 CDMA users is

S i s t iT k,i s t iTt k k
i M

M

k 1

K

i M

M

( ) ( , )E E E= − + −
�
��

�
��

%&'
()*=−==−

∑∑∑w w0 00 1 6 1 6 1 6 (2)

where a user k ∈ {0,1,..K+1} is assigned a unit energy signature waveform sk(t), which is

zero outside the interval [0,T], where T is the information bit interval, assumed to be equal

for all users, the matrix E[(K+1)x(2M+1)] is the information bit sequences of the several

users, 2M+1 is the bit sequence length, Zk is the energy, and E(k,i) ∈ {-1, 1} is the ith bit of

the kth user. The carrier frequency is denoted by ωc.

 The signature waveform sk(t) of the kth user, k ∈ {0, 1,..K} is given by

s t a j t jTk k c
j

N

( ) = −
=

−

∑ 1 6 1 6Π
0

1

where ak(j) ∈ {-1,1} is the jth element of the spreading sequence user k, N is the processing

gain, Tc=T/N is the chip duration, and Π t1 6  is the rectangular chip waveform with duration

Tc.. The transmitted bits are assumed mutually independent, and they are also independent of

the Gaussian channel noise. In such a scenario, the received signal includes contributions

from CDMA users, narrowband users, and Gaussian noise. The narrowband interference can

be, analog or digital. In chapters 2, 3, and 4 we will study different cancellation methods for

digital narrowband interference.
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�������6\VWHP�JHRPHWULF�PRGHO

 In order to describe the channel geometrically, we switch from a continuous time

model to a discrete time model. We assume the received signal is passed through a filter

matched to the chip waveform and is then chip-synchronously sampled once during each

chip interval (Figure 1.4). The result of this manipulation is the discrete time received signal

ri.

Chip Matched
Filter

r(t)
Tc

rj

�

The sample rj is the sum of the contributions of all the active CDMA users sharing the

channel plus the AWGN contribution. We examine the synchronous channel, where the

observation vector =[r0,r1,..,rN-1] relative to one bit interval is

U V V Q= ± + +∑Z Z0 0 bk k k
k 1

K+1

=

σ (3)

 The discrete time received signal  will have a component due to the desired user

plus components due to each kth spread spectrum signal Z
N N
V  times the bit value bk, and

the ambient white noise σ . Note that for the asynchronous channel, additional cross-

correlations occur which are time-variant, and the geometric interpretation is much more

difficult to visualize.
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(interference signal)

X

transmitted signal

U

received signal

σQ
noise contribution

(with Gaussian  distribution)

Z1 1V

Z0 0V (desired user signal)

� V Y V V V V

 Figure 1.5 describes the geometric interpretation of the discrete time system with

two users in AWGN. The transmitted signal is represented by the vector ; this is the sum of

two vectors b0 Z0 0V and b1 Z1 1V  representing user zero and user one for the particular bit

values b0=1 and b1=-1. The vector σ  represents the AWGN contribution. To be precise, σ

is the component of  the AWGN realization which falls in the plane described by V0 and V�.

The direction of the noise realization is uniformly distributed, while the amplitude has a

Gaussian distribution. The vector  represents the entire received signal including the noise

contribution and the transmitted signal. We interpret each linear detector in the following

sections as a vector in the space of N dimensions, (N is the length of the signature

sequences) and the despreading operation as an inner product between the received signal

vector and the detector vector.
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����� 3HUIRUPDQFH�PHDVXUHV�

 There are several common performance measures in multiuser detection [2]. The

main performance measure is the bit error rate. Other measures are motivated in the analysis

and design of various detectors. Clearly, the presence of more than one user in an AWGN

channel will increase the bit error rate to each user. We define the  of user j,

M(σ), as the energy that user j requires to achieve a bit error rate equal to that of a single-

user Gaussian channel with the same background noise level σ.

 We define the  as the ratio between the effective and actual

energies; it quantifies the performance loss (in dB) due to the existence of other users in the

channel. The  measures the slope with which the logarithm of

the probability of error decreases to zero as the signal to noise ratio increases.

 In some multiuser channels the received users’ powers can be different. This

happens for example when the users are placed at different distances from the receiver.

Naturally, the stronger users are easier to detect than the others. In this situation a strong

interference can seriously disturb a desired user with weaker power. This is known as the

near-far problem. The  of a detector quantifies the degree of robustness

against the near far problem. The near far resistance is defined as the minimum asymptotic

efficiency over all possible relative energies of the other users. We will measure the

performance of the conventional detector with these parameters in the following section.

����� 0XOWLXVHU�GHWHFWRUV

 For the synchronous channel, observation of the received waveform in isolated

symbol intervals is a sufficient statistic for that symbol decision. For asynchronous signals,

observation of sequences of symbols is required as overlapping symbols of the other users

gives additional information about the received signal. Any reduction in the observation

interval leads to suboptimal bit decision. We examine only the synchronous case, in order to
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introduce several interesting receivers. In most cases these receivers can be generalized to

the asynchronous case [2].

�������&RQYHQWLRQDO�GHWHFWRU�

 The matched filter is the simplest strategy to demodulate CDMA signals. This

demodulator was the first adopted in the implementation of CDMA systems. Thus, it is

referred to also as the conventional receiver. The conventional receiver correlates the

received signal with a replica of the spreading code to despread the signal and recover the

data.

����������6LQJOH�XVHU�FRQYHQWLRQDO�GHWHFWRU

 We consider first a single-user white Gaussian noise channel with binary phase

shift keying (BPSK) modulation

r(t) b s (t) n(t)= +Z0 0 0 σ (4)

where s0(t) is a signature waveform assigned to user zero, with amplitude w0 , bit value

b0∈{-1,+1}, n(t) is a unit spectral density, white zero-mean Gaussian noise, and σ2 is the

channel noise spectral density.

 

bit estimateT

0

7I
V0(t)

r(t)

� 6 � V Y

The optimal receiver for a binary signal in AWGN is the matched filter, as seen in figure 1.6.

The error probability of the matched filter is as follows:
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by symmetry

Prob Probb b y b0 0 0 00 1≠ = < = +$ /

We let  Q be the complementary cumulative distribution function of the unit normal random

variable

Q x e dt
t

x
1 6 =

−∞I 1

2

2

2

π

We then find the probability of error for CDMA single-user channel is

p b b Q
w

0 0 0
0σ

σ
1 6 = ≠ =

�
��

�
��Prob $ (5)

����������7KH�PXOWLXVHU�FRQYHQWLRQDO�GHWHFWRU

 In the multiple access systems, the conventional receiver which demodulates each

and every user is simply a bank of independent conventional receivers (Figure 1.7). When all

the signatures are orthogonal, the conventional receiver is optimal, in fact, all the users are

transparent one another. In practice, however, orthogonality is lost with random delays

between users. Therefore, the question of interest is how to demodulate the transmitted

messages when the assigned signatures are not orthogonal.
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 The matched filter output for user zero in Figure 1.7 is equal to

y r t s t dt b b n0

T

0 k k k
k 1

K

00 0 0 0= = + +I ∑
=

1 6 1 6 Z Z ρ σ (6)

where ρ0 00N N

7

V W V W GW= I 1 6 1 6  (k≠0) is the cross-correlation coefficient, and n0 is a Gaussian

random variable with zero mean and power spectral density equal to σ2. Thus, in general

each matched filter output has a component due to the cross correlation with the signals of

the other users, which is called multiple access interference (MAI).

 Acceptable performance of the system will require that the MAI and AWGN be

small relative compared to the desired user’s signal. To study the effect of multiple access

interference on the performance of the single-user conventional receiver, we focus especially

on the two-user case.
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 7KH�SUREDELOLW\�RI�HUURU

 The probability of error for user zero [2] is

P ob b b Q
w w

Q
w w

e = ≠ =
−�

��
�
�� +

+�
��

�
��Pr $

0 0
1 0 10 1 0 101

2

1

2

ρ
σ

ρ
σ

(7)

 It has been shown that if the relation w w1 0 101/ /> ρ  holds, the conventional

receiver exhibits extremely poor performance. To achieve acceptable performance, the

cross-correlation’s between the signals must be kept to a low level. One way to achieve low

cross-correlation is to choose a very long spreading sequence. When the power of  any of

the interfering users is dominant, performance degradation will occur nonetheless. This is

known as the near-far effect. It is interesting to note that most commercial systems using

multiuser CDMA techniques employ the conventional detector. To avoid the near far

problem they use power control. Power control strives to provide similar power among all

channel users at the base station receiver. Basically, they amplify the weak users’ signals

and/or attenuate the strong users’ signals.

 To summarize, when the channel output is corrupted by additive white Gaussian

noise, the conventional single-user receiver is only optimal in the absence of interfering

users. This is the reason for the emergence of multiuser detection theory. In the following

section we will explain the basic elements of the optimum multiuser detector proposed by

Verdù [7].

�������2SWLPXP�PXOWLXVHU�GHWHFWRU�

 Verdù [7] found that the optimum multiuser detector is a maximum-likelihood

sequence detector consisting of a bank of single-user matched filters  followed by a Viterbi

algorithm (Figure 1.8)
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� 2 Y

 The optimum detector affords important performance gains over the conventional

single-user detector, including resolution of the near far problem. However, the detector is

exponentially complex in the number of users, making implementation problematic. The

optimum receiver also requires knowledge of the received energies. In the following section

we investigate low-complexity multiuser detection strategies with performance that

approaches that of the optimum detector [8-12].

�������'HFRUUHODWLQJ�GHWHFWRU

 It is of interest to explore whether there are multiuser demodulators that are more

economical to implement than the optimum detector while retaining similar performance.

Consider the synchronous case where the outputs of a bank of matched filters are given by

y r t s t dtk k

T
= I 1 6 1 6

0
, for k 0,...K= (8)

 The vector \ = y , y ,...y0 1 K1 6 forms a sufficient statistic for demodulating

E = b , b ,...b0 1 K1 6. The matched filter bank outputs can be presented compactly as
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\ 5Z E Q= +
1

2 (9)

where 5 is the nonnegative definite correlation matrix between the assigned signature

waveforms defined by 51 6 1 6 1 6ij i j

T
s t s t dt= I0

. W is the diagonal matrix of the received

energy,  Z
1
2

0 1= diag w w wm, ,.., , and  is a zero-mean Gaussian m-vector with

covariance matrix equal to σ2 . As an intuitive motivation for the decorrelating detector

consider that in the absence of noise, the matched filter output vector is

\ 5Z E=
1

2 (10)

Thus if the signals are linearly independent (   invertible), the natural strategy to follow

in this hypothetical situation is

$ sgnE Z 5 \

�

� �=
�
��

�
��

− − (11)

 Note that the noise components in 5 \−1  are correlated, and therefore 5 \−1  does

not result in optimum decisions when noise is present. With a simple mathematical

manipulation below we point out that this detector does not require knowledge of the

energies of any of the active users

sgn sgn $5 \ Z E− =1
1

2

which means that (since the entries of  Z
1

2  are nonnegative) in the absence of noise

$ sgnE 5 \= −1 (12)
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 The decorrelating detector estimates the data bits by multiplying the vector of

matched filter outputs by the inverse of the cross-correlation matrix 5. The detector is a

solution to the generalized likelihood ratio test or maximum likelihood detector when the

energies are not known by the receiver [10]. This detector selects the decisions that

maximize the maximum likelihood function over the unknown parameters,

$ arg min min

arg min min

, ,

, ,

E

\ Z 5 Z \ E Z 5 Z E E \

E

E

= −�
��

�
��

= + −
%&'

()*

∈ − ∈ +∞
= =
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− − − − − −
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1 1 0
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KT
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r t b s t dt
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Z

(13)

The first term is a non-negative and independent for the data bits values, thus we can

eliminate it from the minimization. Let [ Z E=
1

2 , transforming the two minimizations to one

minimization over an N-fold real vector. The minimization of this above equation is

equivalent to selecting the bits that minimize the following expression
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min
,[

[ 5 [ [Z \
∈ −∞ +∞

−
−

; @
N

T 2
1

2

If the cross-correlation matrix 5 is invertible, the solution to the above equation is

[ 5 Z \= − −1
1

2

and the most likely bits are given by

$ sgn sgnE [ 5 \= = −1

 Note that this form is very practical if only one user need be demodulated. Instead

of matched filtering the incoming signal with the signature waveform of the kth user sk(t), we

use a matched filter for the kth line of the inverse cross correlation matrix 5-1

F 5 � 5 ��� � 5k 0k 1k Kk
= − − −1 1 12 7 2 7 2 7

and the bit estimate is

$ sgn ,bk k k= F \2 7

where < , > denotes the inner product between  a given two vectors  and Consider the

two user case, that is, one interferer in the system. The decorrelating detector can be

expressed as

F V V
N

= −0 10 1ρ (14)

 Figure 1.10 shows that the decorrelating detector can be expressed as the

component of 0 which is orthogonal to the interference subspace. This is because the

decorrelating detector is the projection of the signature of the desired user onto the space

orthogonal to the space spanned by the interfering users. Figure 1.10. a) shows the simple

two users case, while the b) presents the most general scenario.
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�

 The dimension of the interference subspace is equal to the number of interferers in

the channel. Thus, the decorrelation operation is equivalent to a single user channel with a

higher noise power level. The decorrelating detector eliminates multiaccess interference at

the expense of  a degradation in the signal to noise ratio. The decorrelating detector requires

knowledge of signatures for all active users, but does not require the received energies.

��������0LQLPXP�PHDQ�VTXDUH�HUURU�GHWHFWRU��006(�

 As described earlier, the decorrelating detector tunes out the interference at the

expense of a smaller projection of the signal of interest, or equivalently, the noise variance at

the output of the filter is enhanced. This situation can be improved if the received energies

are known. For this reason, another multiuser detector was developed which provides a

trade-off between suppression of the multiuser interference and noise enhancement. This

detector estimates the bit value via the following linear transformation determined by

Madhow and Honig [12]
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$ sgnb K 1= + +

−
5 \σ2 1

Ι2 74 9 (15)

The estimate minimizes the mean square error E E \ E \− −Μ Μ1 6 1 6> C7

 over all nonnegative

definite matrices  with dimension N. When σ→0 this detector reduces to the decorrelating

detector.
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 We find an alternative derivation of the MMSE receiver in [13]. The authors

rewrite the matched filters output as

\ 5Z E Q

5[ Q

= +
= +

1
2

The random vector [ and noise vector Q are statistically independent. A new random vector

can be defined by combination of [ and Q; we define

Y
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Z E
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The expectation and the covariance matrix of the new vector , can be easily derived
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E Y �1 6 =

and eventually the covariance matrix is

cov covY +
E
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$[mmse  can be directly calculated
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we arrive at

$[ 5 Z \�

MMSE = +
�
��

�
��

−
−

σ
1

2

1

 An implantation of the MMSE detector requires the knowledge of the signatures

waveforms, as well as the received powers for all the active users sharing the channel. When

only one user need be detected a simple implementation of the MMSE is possible. As is

done for the decorrelating detector, we match filter the incoming signal with the kth line of

the inverse matrix

5 Z
�+

�
��

�
��

−
−

σ
1

2

1

to decode user k.

�������$GDSWLYH�006(�PXOWLXVHU�GHWHFWRU

 The modified matched filter structures of linear multiuser detectors (such as the

decorrelating detector and the MMSE detector) are attractive in the simplicity of their
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implementation. However, these detectors require the knowledge of the signature

waveforms (and the received energies in the case of the MMSE detector).

 In a practical channel, the cross-correlation and the received energies are time-

varying, thus, it is important to find a detector that does not require this information. This

goal can be accomplished with an adaptive implementation of the MMSE linear detector

[12]. In practice, the adaptive MMSE detector requires the transmission of a training

sequence, ., a bit sequence known by the receiver, prior to the transmission of the real

information bit sequence. If the channel is such that the cross-correlation and amplitudes

vary over time, training sequences must be sent periodically to readjust the receiver. The

adaptation rule for the MMSE linear detector is based on the gradient descent stochastic

algorithm. This stochastic algorithm (also known as the Newton algorithm) minimizes any

convex function.

 As we saw in section 5.4, the MMSE linear detector for user zero correlates 0

with the sampled received waveform . Let 0 minimizes the following expression over all

possible linear detectors .

E Z E0 0

2
− < >�

! 
"
$#F U,3 8 (16)

This is a convex function, where < , > denotes the inner product between  a given two

vectors  and . To specify the gradient descent algorithm used to find the minimum, we

first obtain the gradient of Z E0 0

2
− < >F U,3 8  with respect to F, which is equal to

2 0 0Z E − < >F U U,3 8 . The adaptive algorithm for bit interval i is

F F F U UL L L L E L L= − − < − > −1 1 0µ ,2 7 1 6 (17)

where µ is the convergence step size of the algorithm. Therefore, the update of the impulse

response is equal to the received waveform times the error between the known data and the

filter output.
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 Note that the algorithm requires no  knowledge of the signature

waveforms (not even that of the desired user) or of the received amplitudes. To conclude,

the MMSE linear detector is the minimum of a convex function which can be obtained

adaptively when a training sequence is available.

�������%OLQG�$GDSWLYH�PXOWLXVHU�GHWHFWRU

 The typical operation of the adaptive MMSE detector (section 1.5.5) requires

each transmitter to send a training sequence at start-up, which the receiver then uses for

initial adaptation. After transmission of the known training sequence, the unknown

information bit sequence is transmitted. Any time there is a drastic change in the interference

environment, the detector becomes unreliable, and data transmission of the desired user must

be temporarily suspended and yield to a fresh training sequence. Honig, Madhow, and Verdù

[14] succeed in deriving an algorithm that requires only the spreading code of the desired

user (as does the conventional single user detector). We introduce the following canonical

representation for a linear detector of user zero:

F0 = 0+ 0 (18)

where <0, 0>=0, and < >= =F V V0 0 0

2
1, . X  is the module of the vector X.

 The mean output energy, or MOE, is defined as the mean square output value of

this linear detector

MOE E( ) ,[ V [ U0 0 0
2= < + > (19)
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0
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The mean square error at the output is

MSE E MOE[ V [ \0 0 0 0 0

2

01 6 3 8= − < + >�
! 

"
$# = −Z E Z,  (20)

 The MSE and the MOE differ by a constant, so that the detector which minimizes

the MSE necessarily minimizes the MOE as well. MOE([0) is a strictly convex function over

the set of  signals orthogonal to V0, thus, the MOE lends itself to a simple stochastic gradient

descent adaptation rule. The minimization problem of the MOE ([0) is solved analogously to

the minimization of section 1.5.5. The blind adaptation algorithm is formed by the following

equations

 [0 0 0= ;

 [ [ \ V0 0 0n n -1 z n n z nMF= − −µ ( ) ;

 and F V [n n= +0 0  ;

where z n nMF =< >V \0 , , is the matched filter output; and z n n -1 n=< + >V [ \0 0 ,  the

blind detector output. The blind detector decision output is

$ sgnb z n0 = 2 7 (21)

 In chapter 3, we apply this blind adaptive detector to suppression of a digital

narrowband interferer.
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���

In chapter one we introduced spread spectrum systems and several receiver types for

both single user and multiple user systems. In this chapter we describe how such systems are

affected by the presence of a narrowband interferer. In section 2.1 we describe how this

situation arises. In sections 2.2 - 2.4 we discuss previous methods to mitigate the

narrowband interference problem, with section 2.2 concerning linear predictive measures,

2.3 nonlinear predictive measures and multiuser detection techniques. Finally, in section 2.5

we introduce a new multiuser receiver to combat narrowband interference, the MMSE

detector. In Chapters three and four we present an adaptive version of this receiver.
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����� 1DUURZEDQG�LQWHUIHUHQFH�SUREOHP

 Because of the growing demand for mobile radio and personal communications

services, it has been suggested that personal communications networks (PCN) be established

in the 1850-1990 MHz range [17]. However, that band of frequencies is currently occupied

by various microwave signals transmitted by users ranging from utility companies to state

and local agencies. In order to allow both sets of users to occupy these frequencies, as well

as improve the spectral efficiency of this band, a spread-spectrum overlay is proposed,

whereby a code-division multiple access personal communication networks (PCN) would

share the spectral band with the existing narrowband microwave traffic.

 We note that spread spectrum communication is inherently resistant to the

narrowband interference (NBI) caused by coexistence with the pre-existing, licensed

communications. At reception, the despreading operation of Figure 1.3 in effect spreads the

narrowband signal across a large bandwidth, while the spread spectrum signal is despread

and collapses back to its original data bandwidth. It is interesting to note that after

despreading the situation is reversed between the original narrowband interferer (now

wideband), and the original data signal (now narrowband). This process is illustrated in the

Figure 2.1. A bandpass filter can be employed at the receiver so that only the interferer

power that falls in the bandwidth of the despread signal causes any interference. Only a

fraction, one over the spreading gain, of the original narrowband interference contributes to

receiver noise. At times the interfering signal is powerful enough so that despite this

attenuation by spreading the spectrum, communication is still impaired.

 Milstein et al. [17] describe the results of several field tests which have been

designed to demonstrate the feasibility of overlaying new mobile systems on existing band

occupants, relieving the demand for new allocations. Traditional approaches to frequency

allocation are based on standard processing techniques that work well only for moderate

signal to noise ratio (SNR). In [21] the authors demonstrate that spread-spectrum users can

share a frequency band with conventional microwave-radio users without one group
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interfering with the other thereby increasing the efficiency with which the band is used. For

example, mobile cellular telephone systems, already feeling a capacity squeeze in some areas,

will be able to accept many more new customers. From [15]

�,QLWLDO� ILHOG� WHVWV�KDYH�DOUHDG\�EHHQ�SHUIRUPHG� LQ�+RXVWRQ�2UODQGR��6DQ�'LHJR��DQG

1HZ�<RUN�E\�0LOOLFRP��,QF���/2&$7(��,QF��� DQG�&2;� ,QF��� XVLQJ�EURDGEDQG�&'0$

HTXLSPHQW�GHYHORSHG�E\�6&6�0RELOHFRP��,QF���7KHVH�HTXLSPHQW�KDG� WKH� IROORZLQJ�DV

IXQGDPHQWDO�JRDOV�

D�� YHULI\� WKDW� WKH� VSUHDG�VSHFWUXP� RYHUOD\� ZRXOG� QRW� FDXVH� H[FHVVLYH� LQWHUIHUHQFH� WR

FROORFDWHG�IL[HG�VHUYLFH�PLFURZDYH�VLJQDOV�

E�� YHULI\� WKDW� 3&1� � XVHUV� FDQ� RSHUDWH� HIIHFWLYHO\� LQ� WKH� SUHVHQFH� RI� WKH� LQWHUIHUHQFH

SURGXFHG�E\�WKH�IL[HG�VHUYLFH�PLFURZDYH�VLJQDOV�

F��FRQILUP�WKH�EDVLF�GHVLJQ�SKLORVRSK\�RI�WKH�3&1�V\VWHP��ZKHUHLQ�KDQGVHWV�RSHUDWLQJ

DW�DQ� HIIHFWLYH� UDGLDWHG�SRZHU�RI�����µ :�DUH� FRPPXQLFDWLQJ�ZLWK� EDVH� VWDWLRQV� LQ

FHOOV�KDYLQJ�D�����P�UDGLRV�LQ�FRQJHVWHG�DUHDV″ �

 It is shown in [15] that the amount of interference that the CDMA network

imposes upon the overlaid  microwave signals must be such that they cause no more than

1dB degradation in the output signal-to-noise ratio of the microwave receiver. Equivalently,

the total interference power must be about 6 dB below the thermal noise level. This criterion

is used in simulations presented in chapter four.

 Gilhousen et DO. [23] study especially the capacity of a cellular CDMA system.

They demonstrate that in contrast of the conventional techniques which must provide for

different frequency allocation for contiguous cells, only CDMA can reuse the same (entire)

spectrum for all cells, thereby increasing capacity by a large percentage of the normal

frequency reuse factor.
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����� 3UHYLRXV�VXSSUHVVLRQ�WHFKQLTXHV

 It has been demonstrated that the interference immunity of a PN spread spectrum

communication system corrupted by narrowband interference can be improved significantly

by using signal processing techniques which complement the spread spectrum modulation.

The objective is to reduce the level of the interference at the expense of introducing some

distortion on the desired signal.

 

)LJXUH�����6SHFWUDO�HIIHFWV�RI�'LUHFW�6HTXHQFH�6SUHDG�6SHFWUXP

 Over the past two decades, a significant body of research has been concerned with

the development of techniques for active NBI suppression in spread spectrum systems. An

excellent review of those methods developed prior to 1988 can be found in a survey paper

authored by Milstein [6] and in a more recent treatment by Poor and Rusch [29]. Research

has shown that performance can be increased by processing to suppress narrowband
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interference especially for commercial applications that presuppose a powerful licensed

interferer and a spread spectrum system constrained in power so as not to disrupt existing

communications systems. We briefly review the methods of linear and nonlinear prefiltring in

sections 2.2.2 and 2.2.3. When the NBI is a digital signal, multiuser detection theory offer

receivers with better performance than prefiltring. This approach, as described in section

2.2.4, involves modeling the NBI as a virtual CDMA system.

 We will  present the first of our contributions in the section 2.5. We take the

general expression for the minimum mean square error (MMSE) receiver for a CDMA

system and apply it to the narrowband suppression problem. We are able to determine a

closed-form solution for the MMSE detector and its probability of error. We present

theoretical and simulation results comparing the MMSE receiver with other receivers

previously applied to the narrowband interference problem [30].

�������/LQHDU�WHFKQLTXHV

 If the interference is relatively narrowband compared with the bandwidth of the

spread spectrum waveform, then the technique of interference cancellation by the use of

notch filters often results in a large improvement in system performance, and the purpose of

this section is to illustrate several such linear spectral filtering techniques. Theses notch

filters are used to further enhance the performance of the spread spectrum system over and

above what the inherent processing gain of the system provides, and so, they complement

the spreading technique.

 It should be noted that the NBI suppression methodology based on linear signal

processing theories represents a large part of the work in NBI mitigation [22]. The signal

processing methods have been mostly investigated extensively in theoretical analyses, as well

as in implementation.

 The development of this family of suppression methods has focused on two basic

types of techniques (Figure 2.2 and 2.3): transform-domain and predictive methods. The
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transform-domain methods suppress narrowband energy in the frequency domain, and

estimator/subtractor methods perform time domain notch filtering.

 

)LJXUH�����7UDQVIRUP�GRPDLQ�SURFHVVLQJ�UHFHLYHU

 

)LJXUH�����(VWLPDWRU�VXEWUDFWRU�UHFHLYHU

 7UDQVIRUP�GRPDLQ�SURFHVVLQJ�

 In the NBI suppression based on the transform-domain techniques (Figure 2.2),

the basic building block is a device which performs a real-time Fourier transform followed

by a filter to notch out the NBI.

 The Fourier transform of the input is taken, the transform is multiplied by the

transfer function of some appropriate filter (mask) H(ω), the inverse transform of the

product is taken, and the resulting waveform is put through a detection filter matched to the

SS signal, as illustrated in Figure 2.2. Since the output of the Fourier transform is a

waveform evolving in real-time which looks qualitatively like the one shown in Figure 2.4 a),

multiplying that output by the waveform shown in Figure 2.4 b) should suppress a significant

amount of interference power while only slightly reducing the power of the desired signal.
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)LJXUH�����1RWFK�ILOWHU

 Depending on the overall system bandwidth and on the consequent processing

speed requirements, the Fourier transforms required by this technique can be performed in

hardware such as surface-acoustic-wave (SAW) technology or in software using the fast

Fourier transform (FFT) as in [22]. It’s interesting to note that it is possible to implement an

adaptive version of this system as described in [22]. Figure 2.6 illustrates the process. The

Fourier transformed receiver signal is fed into an envelope detector, and the output of the

envelope detector is fed into a switch controlled by a threshold device. The upper branch

passers the Fourier transformed input directly to the multiplier. The switch in the lower

branch is set so that any time the output of the envelope detector exceeds a predetermined

level, the output of the switch is forced to zero (and hence the lower input to the multiplier

is also zero). The main idea of this adaptive transform-domain technique is to consider an

adaptive mask that excises those Fourier components whose energy levels exceed a set

threshold.
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)LJXUH�����%ORFN�GLDJUDP�RI�DGDSWLYH�WUDQVIRUP�GRPDLQ�SURFHVVLQJ�UHFHLYHU

 /LQHDU�SUHGLFWLYH��WHFKQLTXHV

 Predictive suppression techniques exploit the disparity in bandwidth between the

SS signal and the NBI. The spread spectrum signal is essentially unpredictable, while the

narrowband signal can be predicted with some accuracy, consequently, any prediction of the

received signal will be a prediction primarily of the interfering narrowband signal [27,28].

Hence, a prediction of the received signal based on previously received values will, in effect,

be an estimate of the interfering signal. By subtracting predicted values of the received signal

obtained from the actual received signal and using the resulting prediction error as the input

to the SS correlator, the effect of the interfering signal can be reduced significantly. This

procedure is, in effect, performing a whitening operation on the received signal, and is

illustrated in Figure 2.3. Fixed linear filters cannot be found for NBI suppression when the

statistics for the interference are not known, and an adaptive algorithm must be used in such

case. It forms a replica of the NBI by exploiting the discrepancy in bandwidth of the two

signals. We will assume that the received signal is passed through a filter matched to the chip

waveform and a chip synchronously sampled once during each chip interval, per Figure 2.6.

The equivalent discrete time received signal will have components due to the spread

spectrum signal sk, the narrowband interference ik, and the ambient white noise nk. The

observation of sample k is then given by

\k=Vk+Lk+Qk (1)
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 The SS signal Vk=±1 with equal probabilities, Lk is the interference contribution,

and the ambient noise nk can be modeled as being AWGN. The three signals can be modeled

as mutually independent.

 

)LJXUH�����&KLS�PDWFKHG�ILOWHULQJ�

 The first important estimator/subtractor implementation is the linear predictive

filter, or time-domain notch filter, as indicated in [22,26-28] and reproduced in Figure 2.7.

Such a filter forms a linear prediction of the received signal based on a fixed number of

previous samples. This estimate is subtracted from the received signal to obtain the residual

signal. The residual signal is sent to the SS receiver, as well as being used to update the filter

tap coefficients via a suitable adaptive algorithm, H�J. as the least mean squares (LMS)

algorithm.

 

Tc Tc Tc
yk yk-1 yk-1 yk-L

a1,k a1,k-1 a1,k-L

Σ

Σ
-

+

εk

)LJXUH�����/LQHDU�/06�SUHGLFWRU�ILOWHU
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 It should be noted that the LMS algorithm is one of the simplest adaptive

algorithms to analyze and implement. The observation vector ;k and the tap vector θk are

defined as follows

;k k k k L

T
y y y= − − −1 2 ...

θ
N N N / N

7

D D D= 1 2, , ,...

The LMS estimate is determined by the following equations

$yk k
T

k= −; q 1

θ θ
N N N N N N

\ \= + −− −1 1µ $ .1 6 ; (2)

where µk is a step size  normalized to make the step size less dependent on the signal

amplitude in ;k and also to speed convergence while guarding against instability.

 A second useful implementation is an interpolating filter (Figure 2.8), where the

estimate of a given value of the interference is based upon both past and future values. The

linear interpolating filters have been found to have good phase characteristics as well as

greater SNR improvement for NBI suppression, than do linear predicting filters [27, 28].
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yk+1 yk yk-1 yk-L
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�������1RQOLQHDU�SUHGLFWLYH�WHFKQLTXHV

 Linear prediction techniques are optimal for NBI in AWGN. The presence of the

spread spectrum signal in addition to AWGN makes the optimal prediction filter nonlinear.

In 1991, Vijayan and Poor [26] proposed nonlinear methods for predicting the narrowband

signal that led to significant increases in the SNR improvement due to filtering. These

nonlinear methods were derived from a system model that takes into account the non-

Gaussian distribution of the observation noise (from the point of view of  predicting the

interferer, the observation noise consists of AWGN and the data signal). In 1994, Rusch and

Poor [27-29], derive an enhancement to this nonlinear prediction and achieved further

improvement by applying the technique to interpolating filter structures.

 The non-Gaussian measurement noise in the prediction process requires a

nonlinear filter for minimum mean square error (MMSE) prediction. As this optimal filter is

too complex to implement, a suboptimal approximate conditional mean (ACM) nonlinear

recursive filter was introduced in [24]. Adaptive filtering is examined in [27-29] for the more

realistic case when the statistics of the narrowband process are unknown. The linear least

mean squares predictor suggested by the ACM filter, as seen Figure 2.9 was modified to

incorporate a non-linearity. In essence, a soft estimate of the SS value is made and

subtracted from the received signal before the tap weights are calculated. The more reliable

the soft estimates, the more Gaussian the adaptation noise.

 Let yk  represent the observation less the soft decision on the spread spectrum

signal, that is,

y yk k
k

k

= −
�
��

�
��tanh

ε
σ2

(3)

where εk is the reduced signal at time k, and σ
N

2  the residual variance. Rusch [28] derives a

new adaptation algorithm for tap weight update

θ θ
N N N N N N N N

\ \ \ \ \= + −− − − −1 1 2 1µ $ ...1 6 (4)

the nonlinear prediction is given by
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$ . ...\ \ \ \
N N N N N

= − − − −θ 1 1 2 1
T (5)

as illustrated in Figure 2.9.
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 Note that with the approach explained in the previous sections we have separated

the problem of narrowband interference rejection from that of signal detection and

estimation. While we lose some optimality because of this separation, we reduce the

complexity and gain flexibility in design. The spread spectrum receiver can be a simple

matched filter, or a more sophisticated multiuser receiver that combats multiple access

interference. When the interferer is actually a digital communications signal, we will see in

the following section that it makes sense to combine these two functions for better

performance.
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����� 0XOWLXVHU�GHWHFWLRQ�WHFKQLTXHV

 Analysis of most of the methods of interference suppression discussed so far has

involved modeling the narrowband signal as either a deterministic sinusoidal signal or an

autoregressive signal (AR),  the output of a linear filter driven by AWGN. These models

greatly simplify analysis and have characteristics that capture the narrowband property of the

receiver. However, the case of a digital narrowband interferer is poorly modeled as either a

sinusoid or an AR process.

 Suppose that the interferer is a digital communications signal with a data rate

much lower than the spread spectrum chip rate. In such a situation, the structure of the

digital interferer can be exploited to develop a SS receiver that optimally rejects the

interference. In [30] Rusch and Poor apply the techniques of multiuser detection to this

model to derive new methods for decoding the SS user while simultaneously suppressing the

interferer. For simplicity they address the case of one true spread spectrum system user and

one narrowband interferer. Analogously with the analysis of CDMA systems, they adopt use

of the efficiency, asymptotic efficiency and the near-far resistance (presented in section 1.4)

to gauge the effectiveness of these detectors.

 6\VWHP�PRGHO

 We consider a system with one SS signal and one digital narrowband signal in an

otherwise AWGN channel with variance σ2. Each data bit of the SS user has duration  and

is modulated by a unit energy pseudonoise signature sequence s0(t), which spreads the signal

in the frequency domain.  We assume a relationship between the data rates of the two users,

m+1 bits of the narrowband user occur for each bit of the SS user (Figure 2.10) [30].
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true SS user
s0(t)

virtual CDMA user
s1(t)

virtual CDMA user
s2(t)

virtual CDMA user
sm+1(t)

ρm+1
ρ1 ρ2

� 9 $ �

 In Figure 2.10 we present the set of m+1 virtual signature sequences, and the SS

spreading code. The first virtual user’s signature sequence is constant during the first

narrowband user’s bit interval and zero everywhere else. Similarly each narrowband user’s bit

can be thought of as a signal arising from a virtual user with a signature sequence with only

one non-zero interval. These form a set of orthogonal users, uncorrelated with one another.

However, in general, the ith virtual user’s signature sequence si(t), taken to have unit energy

will have some cross correlation, ρi, with the spread spectrum user: ρi = I s t s t dt0 i

T 1 6 1 6
0

 for i

from 1 to m+1, forming the vector ρ. We see that the cross-correlation matrix 5 for this

virtual multiuser system has a very simple structure,

5
,

=
�
! 

"
$#

1 ρ
ρ

7

P

(6)

when ,m+1 is the m+1 dimensional identity matrix.

 We assume that the received signal strength for both signals remains constant for

the SS bit interval.  Let , be the received energy of the narrowband signal, and � the

received energy of the SS user (including the processing gain).  We will use the notation that
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the narrowband user data bits during the interval �  are b0, …, bm+1 or , and the SS bit is

b0.  The received signal during one bit interval of the SS user is thus

y t b s t b s t n t t 0,T0 0 i i1 6 1 6 1 6 1 6= + + ∈
=
∑w wI
i

m

0
1

σ , (7)

where n(t) is an AWGN process with zero mean and unit variance.

 &RQYHQWLRQDO�GHWHFWRU

 As mentioned in section 1.3, the conventional detector sends the received signal

directly to a single filter matched to the spreading code. The output of this matched filter is

y w b w n t 0,T0 0 0 I= + + ∈ρ7
E 0 , (8)

which is then compared to a threshold, to yield the estimate $b0  of the spread spectrum bit.

The probability of error is thus

P n w w

w w

r 0 I

m+1
0 I

0

m+1

⋅ = > −

=
−�

!  
"
$##=

−

∑

1 6 3 8S

4

U

7

7 L

L

0

0

2 11

2

ρ

ρ

E

E

σ

(9)

where Ei  is an ordering of the 2m+1 possible values of the vector of narrowband bits, and n0

is the noise contribution at the receiver output, a Gaussian random variable with zero mean

and variance σ2.

 2SWLPXP��PD[LPXP�OLNHOLKRRG��GHWHFWRU

 The optimum receiver feeds the received signal into a bank of matched filters, as

indicated in section 1.5. The output of the matched filters, shown in Figure 1.7, form a

sufficient statistic for determining the user's bits. The outputs of the matched filters form a

vector ] that can be written as

] 5:
E

Q=
�
! 

"
$# +

1

2 0E (10)
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where  is Gaussian with zero mean and covariance matrix σ2 , and

:

1
2

0= diag I Iw w w, ,..,  (11)

The maximum likelihood estimate for the vector of narrowband and SS bits is given by

$ arg maxE
E

]
E

5
EE

: : :0
0

1

2 0
1

2

1

2 02=
�
! 

"
$# −

�
! 

"
$#

�
! 

"
$#

E E E
(12)

 The complexity of the is exponential in the number of narrowband bits m, which

may be quite large. Attention has therefore focused on other sub-optimum linear detectors

with much lower complexity.

 'HFRUUHODWLQJ�GHWHFWRU

 In the search for low complexity receiver, because of the complexity of the

maximum likelihood and minimum probability of error, several performance criteria other

than probability of error have been proposed to gauge receiver effectiveness. As defined

earlier in section 1.4, the efficiency, the asymptotic efficiency and the near-far resistance are

such performance measures. The decorrelating detector is a linear detector which achieves

the near far resistance of the optimal (maximum-likelihood) detector. This receiver is given

by the inverse of the cross-correlation matrix, which for our system is

5
,

− =
�
! 

"
$#

1 1
1 −

1 −
ρ ρ

ρ
ρT

T

T
m

(13)

The decorrelating detector for the true SS user is the first row

Fdec = −1 ρ7 (14)

which estimates the SS bit as

$ sgn sgn

sgn *

b

w

0

m 1

T

= = −�
��

�
��

= − +
=

+

∑F \

Q

GHF

7

L L

L

\ \2 7
2 7

0
1

0 1

ρ

ρ ρ
(15)
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with Q* Gaussian with zero mean and covariance σ2 1− ρ ρT2 7 . Therefore the probability of

error is

4
Z 7

0 1−�

�
��

�

�
��

ρ ρ2 7
σ

(16)

 By this expression, we see the decorrelation operation suppress the virtual

multiple access interference (i.e. the NBI), at the expense of enhancing the AWGN. Per

[11], the asymptotic multiuser efficiency is

η = = −
−

1
1

1

1 1
52 7

,

ρ ρ7 (17)

which is independent of the received energies, the near-far resistance is consequently equal

to the asymptotic efficiency. The decorrelating  detector has the same near-far resistance as

the optimal maximum likelihood detector (nonlinear) detector.

����� 006(�GHWHFWRU�

 In [30] and as summarized in section 2.2.4, Rusch and Poor demonstrated how

the multiuser detectors can outperform the conventional detector and predictor/subtractor

detectors in the case of digital NBI. They examined fixed, linear detectors, above all the

matched filter detectors and decorrelating detector. The matched filter detector is near-far

limited, by which we mean that as the interferer power becomes arbitrarily large, the

probability of error approaches one half. While the decorrelating detector offers good

performance over a large spectrum of interference powers and bandwidths, it is not easily

cast as an adaptive receiver when system parameters (such as the number and the spreading

                                                

1 The section 2.5 was presented in the ,QWHUIHUHQFH� 5HMHFWLRQ� DQG� 6LJQDO� 6HSDUDWLRQ� LQ� :LUHOHVV

&RPPXQLFDWLRQV�6\PSRVLXP, New Jersey Institute of Technology, March 19, 1996 [31].
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codes of active users) are not known. In this section we determine the minimum mean

square error (MMSE) detector for the virtual CDMA system presented.

 In [14] Honig, &  develop a general expression for the receiver which

minimizes the mean square error (MSE) between the outputs and the data in the CDMA

channel case with no narrowband interference.  This linear detector is of interest as an

adaptive version can be implemented which does not require knowledge of the narrowband

signal characteristics.  We take the general expression for the MMSE receiver and apply it to

the narrowband suppression problem, arriving at a closed-form solution for the MMSE

detector and its probability of error.

 As described in [30], and reproduced in section 2.4, we assume the interferer is a

binary signal with m+1 narrowband bits in one SS bit. The cross-correlation matrix of this

virtual CDMA is given by (6), with the received signal described by equation (8).

 Per [12], the multiuser detector which minimizes the mean square error MSE

defined in section 1.5 is determined by the inverse of the matrix �σ �
:

��. While this

matrix inversion can not be simplified in a true CDMA system, our virtual CDMA system

has a structure which can be exploited to find a closed-form solution. For our system this

inverse is a function of the interference power and the cross correlation vector ρ.

5 :
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+
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(18)

the inverse can be expressed by
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1
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(19)

where σ2 is the additive white Gaussian noise power. We have used the matrix identity

A B

B D

A FE F FE

E F ET

T

T

�
! 

"
$# =

+ −
−

�
! 

"
$#

− − − −

− −

1 1 1 1

1 1
,

where E D B A BT= − −1 , and F A B= −1 . In this case

A = +
+

1

1

2

2

σ
σ

/

/

w

w
0

I

, B
wI

=
+

ρ7

1 2σ /
, and D=,m

The inverse is given by
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 For our system, only the true SS bit is of interest; it is only this bit we wish to

estimate.  In our ordering, the SS bit is the first of the vector of “virtual” CDMA bits.

Therefore we focus our efforts on the first row of the matrix,  the vector

1

1 1
1

2 2

2

+ + −
⋅ + −

σ σ
σ

w w
w

I 0

12 72 7 ρ ρ
ρ

7

7
7

(20)

It is this vector that we use to generate the MMSE estimate of the SS bit

c0

m+1

W F V W
L L

L

1 6 1 6=
=
∑ 0

0
, (21)

$ sgnb c t y t dt
T

0 00
= �

! 
"
$#I 1 6 1 6 (22)
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 To find the canonical form (defined in [15] and reproduced in section 1.5) of this

receiver, we normalize to arrive at a receiver whose inner product with the SS waveform has

unit length.

 FMMSE
I

1w
w=

+ −
⋅ + −1

1
1

2
2

σ
σ

ρ ρ
ρ

7

7
7

(23)

 The filter then takes the form

c
w

wMMSE
I

I

m+1

W V W V W
7 L L

L

1 6 2 7 1 6 1 6=
+ −

⋅ + −
�
! 

"
$#=

∑1

1
12

2
0

1σ
σ ρρ ρ

(24)

 In order to determine the probability of error we examine the decision statistic for

the SS bit.  For convenience we reference all powers to the desired user power, 0�supposed

equal to 1. The near-far ratio is therefore given by I, and σ2 is the signal-to-Gaussian-noise

ratio for the desired user.  The received signal, r(W), is the sum of the SS signal and the

narrowband user and the additive white Gaussian noise:

r b s t b s t n t0 0 i i( )W Z

L

P

= + +
=

−

∑1 6 1 6 1 61
0

1

σ (25)

where n(t) is a zero mean, unit variance white Gaussian noise process.

 'HFLVLRQ�VWDWLVWLF��UHFHLYHU�RXWSXW�

 We now calculate the output of the MMSE detector. This decision statistic will be

used to estimate the SS bit.

' 6 W W GW

Z

006(

7

7 L

L L

. . ( )=
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2
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r

w
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I
I 0 i
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0 0 i i
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0

T

σ
σ ρ σ

ρ ρ

we calculate
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with
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$#I I∑
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 The receiver output can be expressed then as the sum of the contributions of the

SS signal, the interference, and the noise

D.S. b0
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where the effective additive white Gaussian noise, ñ, has zero mean and variance
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 7KH�3UREDELOLW\�RI�HUURU

 The probability of error using this decision statistic against a zero threshold is
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where Ei is an ordering of the m+1 narrowband bits and 4 the cumulative distribution

function of Gaussian random variable.

 From these equations we also arrive at some asymptotic results.  As the near far

ratio goes to zero, the probability of error for the MMSE detector approaches that of the

single user case, 4( σ ).  As the near far ratio goes to infinity, the probability of error is

equal to that of the decorrelating detector,

3 4
H GHF

7

1 6 =
−�

��
�
��

1 ρ ρ
σ

(29)

 For weak interferers the MMSE receiver has an advantage over the decorrelating

detector, but this is not a scenario of interest.  For very small cross-correlation, the

performance of both the MMSE and the decorrelating detector approaches that of the

single-user system.
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 6LPXODWLRQ�UHVXOWV

 Figure 2.11 shows the probability of error versus the near far ratio for three

different receivers: the conventional (matched filter) detector, the decorrelating detector,

and the MMSE detector. We use a noise power that is 6 dB above the spread signal, as

suggested by field tests [4] of overlay spread spectrum systems. An -sequence of length 63

was used as the spreading code.  Square waves at baseband were used for bit and chip

waveforms. We see that simulation (continuous lines) and theory (dashed lines) match well.

 For the case m=1, one narrowband bit coincides with exactly one spread spectrum

bit. The cross correlation is very low, and we see that the MMSE and decorrelating detector

each have performance equal to that of the single-user case.  For larger values of m the cross

correlations become larger and performance falls off slightly.  For all the simulated systems,

however, the MMSE and the decorrelating detectors show the same performance and their

curves overlap.

 For heuristic reasons we examined a synchronous system where one-shot

detection (bit buy bit decisions  sequence detection) is optimal. While in the asynchronous

case one-shot detection is sub-optimal, it greatly reduces complexity and still offers good

performance. Our analysis hinges on the narrowband users being cast as a set of an equal

power orthogonal virtual CDMA users. This model can be applied to asynchronous systems

as well as synchronous, therefore our results are valid in the realistic scenario of a time delay

between the start of the SS bit and the narrowband bit. In the asynchronous case, each

actual narrowband bit might need to be subdivided into further virtual users to ensure equal

power (assume one bit was severely curtailed). While the complexity of the MMSE receiver

increases with the number of virtual users m, it does not grow prohibitively. Furthermore,

subdivision of narrowband bits leads to correlations between virtual signature sequences

assures the validity of our analysis despite the correlations.
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����� &RQFOXVLRQ

 We have demonstrated that the MMSE detector can be very effective in removing

a binary narrowband interference signal from a direct sequence spread spectrum signal

overlaid on the narrowband system.  We presented the MMSE receiver and its probability of

error in closed-form, as a function of a) the bit waveform of narrowband signal, b) the cross

correlation with the spread spectrum signal, and c) the relative powers of the signals and

noise. We note that for both decorrelating and MMSE receivers, we suppose that the

receiver can acquire the timing (bit epoch and carrier phase) of the desired user. Both

receivers require the knowledge of the signatures waveforms of each active user. The

MMSE also requires the interfering powers. Theses requirements are the major

disadvantages of the both receivers. In Chapter 3, we study a blind adaptive technique which

is previously proposed by Honig et  [14] in the domain of multiple access interference

rejection, and apply this method to our narrowband problem.
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 &KDSWHU��

6XEVSDFH�DSSURDFK�WR�EOLQG�DGDSWLYH�QDUURZEDQG

LQWHUIHUHQFH�VXSSUHVVLRQ�LQ�'6662

���

����� ,QWURGXFWLRQ

 In chapter 2, it is shown that multiuser theory gives us an optimal and various sub-

optimal receivers for a scheme of one digital narrowband signal and one CDMA signal. These

receivers require information on some, or perhaps all, of the following parameters: signature

sequences or codes, received energies, timing delays, etc. of all users. For instance, the NBI

suppression method of [30] is based on the use of the decorrelating detector for removing

digital interferers from the channel. The major significant practical disadvantage of the

decorrelating detector that it requires the knowledge of all waveforms of all users in the

channel, including the narrowband interferers. The MMSE receiver proposed in section 2.5

and appearing in reference [34], provides a slight improvement in probability of error in the

range of high signal to interference ratio, but it also requires knowledge of all users’

waveforms or codes, in addition to all users powers, including the narrowband interfering

powers. These detectors also require knowledge of timing delays and carrier phase.

                                                

 2 This Chapter will appear in IEEE Transactions on Communications [34].
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 7KH�QHHG�IRU�DGDSWDWLRQ

 The MMSE detector is of interest as an adaptive version can be implemented

which does not require knowledge of the interfering signals’ characteristics. The adaptive

multiuser receiver which minimizes the mean-square-error (MMSE) between the outputs and

the data eliminates the need to know the signature waveforms of the interferers, the timing

and the interference powers [12]. However, these adaptive detectors need to have training

data sequences for every active user during adaptation. Each transmitter sends a training

sequence at start-up which the receiver uses for initial adaptation. After the training sequence

is completed, the receiver switch  to decision-directed mode.

 7KH�QHHG�IRU�EOLQG��DGDSWDWLRQ

 The decision directed adaptation becomes unreliable whenever there is a drastic

change in the interference environment, and consequently, data transmission of the desired

user must be suspended and the training sequence must be retransmitted. Not only does this

situation arise frequently in a shared frequency band, but it is also unrealistic to expect

interferers from outside the spread-spectrum system to submit to the transmission of training

sequences. We therefore consider the blind multiuser detection algorithm [14] that requires

only knowledge of the spreading code of the desired user (in our case, the true SS user). We

exploit the structure of the virtual CDMA system introduced in chapter two to analyze this

detector. Indeed, this system model gives a special structure to the covariance matrix of the

received signal, and we exploit this structure herein to characterize the signal space.

 The brunt of our analysis is placed in examination of the signal space and how

various receivers project energy in this space. We begin in the following section with defining

several bases for the space spanned by all possible signature sequences, as well as important

subspaces. We examine the eigenspaces of the received signal’s covariance matrix to partition

the signal space in three subspaces. We demonstrate the significance of these subspaces in

terms of how energy from the desired user, the AWGN and the narrowband interference is

distributed among them.
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 In section 3.3, we first consider the three most known fixed sub-optimal receivers

introduced previously: 1) The matched filter or conventional detector, 2) the decorrelating

detector, and 3) the MMSE receiver. We show that for this virtual CDMA system, the three

fixed receivers of interest all project the received signal onto a two-dimensional subspace.

Typical CDMA systems with wideband interference will not have this reduced dimension

subspace. By identifying this space we are able to parameterize the receivers of interest by a

single variable. Contrast this with m+2 wideband users leading a m+2 dimensional space and

m+2 variables to characterize a receiver. In section 3.4 we go on to apply these results to the

dynamics of the blind adaptive receiver. We examine the trajectory of the adaptive receiver’s

tap weights in section 3.5 and we identify certain convergence anomalies and propose a new

receiver to avoid them. In section 3.6 we outline two new less restrictive stability constraints

on the adaptation step size leading to faster convergence of the adaptive receiver to the

MMSE receiver.

����� 6XEVSDFH�VLJQDO�HQHUJ\�GLVWULEXWLRQ

�������5HFHLYHG�VLJQDO�	�FRYDULDQFH�PDWUL[

 5HFHLYHG�VLJQDO

 We consider the virtual CDMA system as presented in chapter 2. This scenario has

one SS signal and one digital narrowband signal in an otherwise AWGN channel with

variance σ2 (Figure 2.10). The narrowband signal and the SS signal are asynchronous,

therefore we will have only partial narrowband bits at the beginning and end of the SS

spreading code. These form a set of orthogonal interference users, uncorrelated with one

another.  However, in general, the LWK virtual user’s signature sequence VL(W) (Vi in the discrete

model), taken to have unit energy, will have some cross correlation, ρ i, with the spread

spectrum user:  ρ
L L

7

V W V W GW= I 00
1 6 1 6 (=<Vi,V0>), for L�from 1 to P��, where <X,Y> denotes the

inner product between the two vectors X and Y,� forming the vector ρ. Without loss of
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generality, we assume, as described in the previous chapter, that there is an integer

relationship between the SS bits rate and the NB bits rate.

 The received signal is sampled 1� times in a SS bit interval (1 typically being the

length of the direct sequence spreading code) using the chip matched filter presented in

Figure 1.4. Similarly, each signature sequences can be sampled and represented as a finite

dimensional vector. The received signal during one SS bit is the vector sum of each users’

signature sequence weighted by the user's energy  and bit value, plus the AWGN. The kth

virtual user’s contribution can be written as m wI ks . The AWGN can be written as a Nx1

vector of independent, zero mean, unit variance random variable, Q, weighted by the square

root of the noise power spectral density σ2. The discrete received signal during one bit

interval of the SS user is thus

\ V V Q= + +
=

+

∑Z E Z E, L L

L

P

0 0 0
1

1

σ (1)

Here, it is assumed that the received signal strength for both signals remains constant for the

SS bit interval. This assumption is reasonable for a slowly varying channel.

 &RYDULDQFH�PDWUL[

 The covariance matrix of the received signal is

{ }5 \\ V V V V ,\\ � � L L 1= = + +
=

+

∑( Z Z
7 7

,

L

P

7

0
1

1
2σ (2)

The matrix 5\\ has N dimensions. Mathematically, it is a linear transformation in the N-

dimensional signal space. The eigenvectors of this correlation matrix describe the distribution

of the signal energy in the signal space. The eigenvalues measure the mean energy

concentrated in each eigenvector's direction.
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�������9DULRXV�%DVHV�	�6XEVSDFHV

 In this section we define four sets of basis vectors for Γ, the space (dimension 1)

spanned by all  possible signature  sequence vectors.  The set of standard basis vectors we

call %H=[e0,...eN-1] , with the definition:  H L
L M
L MM = =

≠
%&'
1
0

 for j=0,...N-1. %H is a canonical

orthonormal basis of the space.

 The space spanned by all active signature sequences we call Γact.  Note that for our

virtual CDMA system there are P�� active users, therefore Γact has dimension P��.  The

orthogonal complement of Γact we call ΓNO, as it contains energy from noise only, with no

energy from an active user. Γact and ΓNO are presented in figure 3.1, and the space Γ is the

direct sum of these two subspaces, LH.,

Γact ⊕ ΓNO = Γ (3)

A new set of basis vectors for Γact is formed by the signature sequences themselves;

we refer to this basis as %act. These vectors span the space Γact, have unit length (from the

signature sequence having unit energy), are linearly independent, but are not orthogonal.

Only the independence between the signatures is required to characterize Γact. Let %NO be a

set of basis vectors to span ΓNO, and complete this basis of Γ. The basis %NO is composed of

orthonormal vectors which are orthogonal to Γact. We refer to %s as the complete basis of Γ

%s� �%act ⊕ %NO (4)

 We define a third set of basis vectors %\\ that are formed by the eigenvectors of the

covariance matrix 5\\ of the received signal. In the following section, we calculate the

eigenvectors and the eigenvalues of 5\\. These eigenvectors will determine a special partition

of the signal space into subspaces. The definition of %\\ is motivated by the geometric

significance  of the eigenvectors and associated eigenvalues. The eigenvectors represent the

privileged directions of concentration of power in the space Γ. The eigenvalues quantify the

amount of power concentrated in each direction.
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 Finally, we define a fourth set of basis vectors, %Y\, that is formed by the

eigenvectors of 5Y\ as defined in section 3.4. The matrix 5Y\�governs the dynamics of the

gradient descent algorithm. We will describe the evolution of the algorithm using the

projections of the tap weight vector onto the eigenvectors of 5Y\. The eigenvectors of 5Y\

represent proper or privileged directions of the mean evolution of the blind adaptive detector,

and the associated eigenvalues represent a measure of this mean dynamic evolution in each

eigenvector direction.

�������6XEVSDFHV�LGHQWLILFDWLRQ

 In this section we demonstrate that the subspace Γact is invariant3 under 5\\ (or

5\\-invariant).  This allows us to define and calculate the restriction of 5\\ in Γact which we

denote by 
~
Ryy . By definition, Γact is invariant by 5\\ (or 5\\-invariant) if for every vector Y∈

Γact we find that the transformed vector 5\\Y∈Γact. Recall that Γact is spanned by the

signatures sequences, therefore we calculate 5\\Vi for L=0,...,P+1

 

R s s s

R s s s

yy

yy

0 0
2

0
1

1

0 0
2 1 1

= + +

= + + ≤ ≤ +

=

+

∑w w

w w i m

I i i
i

m

i i I i

σ ρ

ρ σ

2 7

2 7
M (5)

 Note that each signature vector is transformed by 5\\ to a linear combination of the

signature vectors. Let 
~
Ryy  be the restriction4 of 5\\ in Γact so that

5 V V V V 5
\\ \\0 1 0 1L L

P P+ += ~
(6)

                                                

3 Let Γsub be an m dismensional subspace of Γ. Γsub is called $-invariant for matrix $ if for every vector X

∈ Γsub, the product $X ∈ Γsub.

4 Let [X1 X2 . . . Xm+1] be an (N×m+1) matrix, where the column vectors X1, X2, . . ., and Xm+1 span the

subspace Γsub. If $[X1 X2 . . . Xm+1] = [X1 X2 . . . Xm+1]%, with Γsub $-invariant, the matrix % is called the

restriction of $ in Γsub.
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Using the basis of signature sequences we can write 
~
Ryy  in an arrow structure as

~
5

,
\\

P �

=
+

+
�
!
  

"
$
##+

Z Z

Z Z

7

, ,

0
2

0
2

σ
σ
ρ

ρ 2 7 (7)

The matrix is symmetric and nonnegative definite,  therefore all eigenvalues are nonnegative

and all eigenvectors are orthogonal.

 For every 9∈ΓNO, we have 5\\9=σ29, which means that ΓNO is trivially 5\\-

invariant and the matrix σ2,N-(m+2) is the restriction of 5\\ in ΓNO.  Since the eigenvalues and

the eigenvectors of a matrix are the same as those of its restrictions, we focus on the matrices
~
Ryy  and σ2,N-(m+2) to find the eigenvalues and eigenvectors of 5\\.  The eigenvalues of 

~
Ryy  are

equal to the first (P+2) eigenvalues of 5\\.

 The matrix 5\\ can be viewed mathematically as a linear operator on the space Γ,

and it can be decomposed into a combination of two independent linear operators

1) 
~
Ryy m m+ × +2 20 5 can be expressed in basis vectors %act, and 2) σ2,N-(m+2)  expressed in the

basis vectors %NO. Recall that %s is the second N-vector basis of Γ, and it’s the direct sum of

%act and %NO. In order to eventually generate the third basis %\\ for Γ,  we calculate in the

appendix the eigenvalues and eigenvectors of the covariance matrix 5\\. We arrive to

λ σ φ φ

λ σ φ

λ σ

λ σ

0 0
2

0

2

0

1 0
2

2

2

1

2
2 4

1

2
2

2 1

2 1

\ , , ,

7

\ ,

L\ ,

L\

Z Z Z Z Z Z

Z Z

Z L P

P L 1

= + + + = − +

= + + −

= + ≤ ≤ +

= + ≤ ≤ −

3 8 1 6

3 8

, ρ ρ

(8)

For constants ∆+, ∆-, and γi defined in the appendix, the orthonormal set of

eigenvectors is given by
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9

9

9

9 9 9

�\

�\

L\

L\ M\ M\

= −

= −

= ∀ ≤ ≤ +

= −
�
��

�
�� ∀ + ≤ <

−

+

−

=

−

∑

γ

γ

γ ρ ρ ρ ρ δ

γ

0

1

1 1

0

1

0 0 2 1

2

∆

∆

ρ

ρ

7

%

7

%

L L L L L %

L L L

M

L

DFW

DFW

DFW

L P

H H P L 1

L L

,

(9)

where δ ρ
L M

M

L

= −
=

−

∑ 2

1

1

 The eigenvalues describe the average energy of the received signal in the

associated eigenvector’s direction. The eigenvectors represent a privileged directions of

concentration of energy. Only the constants ∆+ and ∆- are functions of the desired user’s

power 0.  It is important to note that the nature of 9�\ and 9�\ allows us to form the linear

combination

γ γ1
1

0
1 1 0 0− − + −

+ −

− = −

= −

V V

s

1y 0y

0

∆ ∆

∆ ∆

2 7
2 7

L

Bs (10)

which implies that � can be expressed as a linear combination of 9�\ and 9�\

V 9 9

9 9

� �\ �\

�\ �\

=
−

−

=
− +

−

+ −
− −

− −

1

1 4

1
1

0
1

2

2 2 2
1

1
0

1

∆ ∆
γ γ

α

α α
γ γ

3 8

2 7
3 8

ρ ρ7
(11)

 Eigenvectors 9�\ and 9�\ span a subspace of dimension two that we call ΓE, as it

contains all the energy from the desired user and the H H L H energy from the interference

and noise.  We say effective energy, because we will show that three important fixed

detectors (the matched filter receiver, decorrelating receiver, and MMSE receiver) project the

received signal onto this subspace, as discussed in section 3.3, therefore it is only this subset

of interference and noise energy which affects receiver performance. We should note that the

decorrelating and the MMSE receivers may not project onto this space for all CDMA

systems, however we will show that for this virtual CDMA system they do, as does the
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adaptive version of the MMSE detector discussed in section 3.4.2. This subspace should not

be confused with the subdivisions of Γact discussed in [12].

 The set of eigenvectors for ≤ L≤ P  are orthogonal to �, and span a space

we call ΓI&N;  the orthogonal complement of ΓE relative to the space Γact

 Γ I &N⊕ΓE=Γact (12)

 That is, ΓI&N and ΓE form a partition of Γact. The remainder of eigenvectors for

P ≤ L≤ 1 span the space ΓNO. Note the eigenvalues associated with ΓI&N are functions of

the interference power and the noise power, while the eigenvalues associated with ΓNO are

functions of the noise power only. To recap the subspaces discussed, we have the relationship

Γ Γ Γ Γ Γ Γ= ⊕ = ⊕ ⊕
12 DFW 12 , 1 (& . These subspaces are illustrated in Figure 3.1.

 

Γ,	1

(energy from
noise and

interference)

Γ12

(energy from
noise only)

Γ
(

(energy from signal,
noise & interference)

ΓDFW�� ��Γ(
�8�Γ

,	1

Γ�� ��ℜ1
��� ��Γ

(
�8� Γ

,	1
�8�Γ

12

)LJ UH ��� 6 E SDFH 3DUWLWLR
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����� 7KH�IL[HG�UHFHLYHUV

 We demonstrated in the previous section that only the two dimensional subspace

ΓE contains energy from the desired user. This leads us to conclude that any detector of

interest should not have a component outside ΓE. In fact, any component outside ΓE

contributes to excess noise enhancement at the output of the receiver.

 The canonical form of a receiver is defined in [14] as the sum of the desired user’s

spreading code, �,� plus a vector [0 orthogonal to �, L�H�� F  � � [�. The vector � can be

written as a linear combination of �\ and �\ (see equation 31), and therefore falls in ΓE.

We construct a second vector ⊥ in ΓE that is orthogonal to �, and together they span ΓE.

9
⊥

+=
−

⋅ − −

=
−

⋅ −

1

1

1

1

1 1
ρ ρ ρ ρ

ρ ρ

ρ ρ ρ ρ
ρ ρ ρ

7 7

7

P
%

7 7

7 7

%

DFW

DFW

2 7

2 7

ρ ρL

(13)

We can verify the inner product < 0, ©
>=0. To verify that © can be written as a linear

combination of �\ and �\�; we begin by writing the following two equations

γ

γ

0
1

1
1

− −

− +

= −

= −

9

9

�\

�\

∆

∆

ρ

ρ

7

%

7

%

DFW

DFW

(14)

and by forming the linear combination

1
00

1
1

1

∆ ∆
∆ ∆− +

− − + −

−
− = −γ γ9 9

�\ �\3 8 ρ7

%
DFW

(15)

We can express

ρ ρ ρ ρ ρ ρ ρ ρ ρ ρ7 7 7 7

%

7 7

%
DFW DFW

1 00− = − = + −⊥2 79 V

After some manipulations we get
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9 9 9
�\ �\

⊥ − − + −=
−

− + +1

2 1
1 10

1
1

1

ρ ρ ρ ρ7 72 7 2 7 2 7Θ Θγ γ (16)

where Θ±
−

− −
=

− ±

− +

1 2

1 4

2

2 2 2

α

α α

ρ ρ
ρ ρ

7

72 7

 As the three fixed receivers we will examine all project the received signal onto ΓE,

the vector [� orthogonal to V� must be a constant times the vector 9⊥. This will allow us to

parameterize these receivers by the constant multiplying 9⊥, a constant we will call β, L�H.,

F = V0 + β 9
⊥ (17)

 &RQYHQWLRQDO�GHWHFWRU

 The conventional receiver (or matched filter) is given by F V
0) �

= , so that clearly

β  = 0 in our parameterization.

 'HFRUUHODWLQJ�GHWHFWRU

 From section  2.5

 F
'(&

= −1, ρ7

%

7

V

(18)

The form of 9⊥ and F'(& allows us to write the following linear combination

F 9 V
'(& �

= − ⋅ + −⊥
r r r r r r

7 7 71 12 7 2 7 (19)

To arrive at the canonical form of the decorrelating detector we normalize with respect to

<V�, F'(&>  and we arrive at

F

V 9

V 9

'(&

�

�

=
−

⋅ −

= +
−

⋅

= + ⋅

⊥

⊥

1

1
1

1

ρ ρ
ρ

ρ ρ
ρ ρ

7

7

%

7

7

'(&

V

β

(20)
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which demonstrates that this detector does indeed fall in ΓE.

 7KH�006(�GHWHFWRU

 We now derive an expression for the detector which minimizes the mean square

error (MMSE) reported simultaneously in [31] and [33]. Per [12], the detector which

minimizes the MSE is determined by the inverse of the matrix 5+σ2:-1 where 5 is the cross

correlation matrix and : is the diagonal matrix of user powers. As previously explained in

section 2.5, for our system this inverse can be found explicitly as a function of the

interference power, the noise power and the cross correlation vector ρ, yielding

F
006(

=
− +

⋅ + −1

1
1

2
2

ρ ρ
ρ

7

,

,

7

%Z

Z

σ
σ2 7

act

(21)

We normalize this expression to arrive at

F V 9

V 9

006(
= +

−

− +

= +

⊥

⊥

0 2

0

1

1

ρ ρ ρ ρ
ρ ρ

7 7

7

,

006(

Z

2 7
σ

β

(22)

The decision statistic, the near far ratio, and the probability of error of the MMSE detector

are derived in section 2.5.

 The parametrization introduced is possible as any interesting linear receiver will lie

in ΓE. In chapter 4 we derive the decision statistic, the near far resistance, the mean output

energy, the signal to interference ratio, and the probability of error of a generalized linear

detector as function of only a single variable, β.

����� 6XEVSDFH�$SSURDFK�IRU�%OLQG�$GDSWDWLRQ

 In this section we examine the stochastic gradient algorithm which converges to

the minimum of the MOE, and hence the MMSE receiver [14], reproduced in section 1.5. As

mentioned previously, the approach is based on the decomposition of the linear multiuser
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detector into the sum of two orthogonal components. One of these components is equal to

the signature waveform  of the desired user which is assumed known. The canonical

representation of the detector can be expressed by the following equation [14]

F0=V0+[0, where <V0,�[0> = 0

�������$GDSWDWLRQ�DOJRULWKP

 0LQLPL]DWLRQ�FULWHULD

 We consider the linear detector in canonical form that minimizes (over all [0

orthogonal to V0) the mean output energy of a detector. We calculate first the mean output

voltage of  this detector given the true SS bit value

E b E b b b0 0 0V [ \ V [ V V Q0 0 0 0 0 0 0
1

+ = + + +
%&'

()*=
∑, ,< A Z Z

L L

L

P

Given that the noise is zero mean and that the bits are equiprobable ±1, we arrive to

E b b

b

0 0

0

< + > = < + >

=

V [ \ V [ V0 0 0 0 0 0

0

, / ,; @ Z

Z

Recall that the output voltage of the detector is its decision statistic (D.S.). The mean output

energy is statistically the second order moment of  the output voltage given the true SS bit

value

MOE b0[ V [ \0 0 0
21 6 < A= < + >( , (23)

 The mean square error (MSE) at the output can be viewed as the variance of this

linear detector. It’s clear that MSE([0) can be written using the first order and the second

order moments of the detector output voltage. We calculate the function MSE([0)

MSE E

MOE

MOE

[ V [ \

[ V [ V

0 0 0 0 0

2

0 0 0 0 0 0

0

2

1 6 3 8J L
1 6

= − < + >

= + − < + >
= −

Z E

Z Z

Z

,

, (24)
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verifying

Var D.S. b E D.S. b E D.S. b0 0 0< A < A < A= −2 2
(25)

 From this equation, it can be seen that the MMSE and MOE differ by a constant.

This means that the MMSE detector necessarily minimizes the MOE as well. It is shown in

[14] that the function MOE is strictly convex, so that the MSE is also a convex function. The

stochastic gradient algorithm will use the MSE as the minimization function for adaptation.

 $GDSWDWLRQ�UXOH

 The output energy function MOE lends itself to a simple stochastic gradient-

descent adaptation rule. Let \(i) be the observed waveform in the ith bit interval [iT, iT+T].

Let zMF(i) be the output of the conventional detector during this bit interval

zMF L L1 6 1 6=< >V \0 , (26)

and z(i) the output of the adaptive detector during the ith bit interval

z i1 6 1 6 1 6 1 6 1 6=< + − >=< >V [ \ F \0 0 1L L L L, , (27)

 To derive the adaptation rule for [0(i) we take the unconditioned gradient of

MOE([0), that is equal to a scaled version of the observations

2 < + >V [ \ \0 0 , (28)

 The component of \ orthogonal to V0 is given by \ V \ V− < >0 0, . Therefore, the

stochastic gradient adaptation rule is

[ [ \ V0 0 01L L ] L L ] L
0)1 6 1 6 1 6 1 6 1 6= − − −µ (29)

 As mentioned previously, interest in the MMSE receiver is motivated by the

existence of this adaptive version.  The stochastic gradient algorithm does not require

information about the interfering users’ power, timing or signature sequences, nor does it

requires a training sequence.
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 We adopt the same signal space approach introduced previously to examine the

dynamics of the adaptive algorithm.  We exploit the orthogonality of the interference signals

to demonstrate that the adaptive receiver is, on average, confined to the two dimensional

subspace ΓE. This contrasts with previous analysis of arbitrary interferers (non-orthogonal),

which isolated the receiver only within the P���dimensional space Γact.   Because of the lower

dimensionality of the subspace ΓE, we are able to identify a less restrictive stability constraint

on the step-size in the adaptation, allowing for significantly faster convergence.  Note that the

stochastic gradient is a noisy algorithm. Noise outliers will lead the algorithm out of ΓE, with

no zero components in the noise only subspace ΓNO. To avoid this behavior the receiver

should switch to a fixed receiver or decision-directed least mean squares (LMS) algorithm

after nominal convergence to the MMSE receiver.

�������6\VWHP�'\QDPLFV���(LJHQVSDFHV�RI�5Y\

 As mentioned earlier, the receiver that minimizes the MOE also minimizes the

MSE.  A gradient descent algorithm was proposed to adaptively minimize the convex

function MOE.  This linear detector is written in the canonical form, that is, as the sum of the

desired user’s signature sequence plus a vector orthogonal to this signature sequence,

F� �V����[�. The adaptation algorithm is

F F F \ \ V \ V
� �

Q Q Q Q Q Q1 6 1 6 1 6 1 6 1 6 1 63 8= − − ⋅ ⋅ − ⋅1 µ , , (30)

where the index Q refers to the iteration or bit interval.  Note that at each iteration we are

scaling the projection of the received signal onto the space orthogonal to V� to update the

vector F�� �We define the vector Y , V V \
1 � �

( ) ( )Q Q
7= −2 7 , that is, v(n) is the product of the

projection matrix , V V
1 � �

− 72 7and the received signal.  With this definition the algorithm can

be written as

F , Y \ F
1

Q Q Q Q
71 6 1 6= − −µ ( ) ( ) 1 (31)

Taking expectations of both sides we have
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( Q ( Q Q ( Q

( Q

7
F , Y \ F

, 5 F

1

1 Y\

1 6< A < A 1 6< A
1 6< A

= − −

= − −

µ

µ

( ) ( ) 1

1
(32)

To study the dynamics of the adaptive system, we therefore examine the covariance matrix

5
Y\

.

 (LJHQYDOXH��FDOFXODWLRQ

 As in the previous section for 5\\, we demonstrate that Γact is 5Y\ invariant and we

determine the restriction 
~
Rvy  of 5Y\ in Γact. We calculate the eigenvalues and eigenvectors of

~
Rvy  using the same method as that used for the 

~
5

\\
 eigenvalue calculation, and note that the

eigenvalues were simultaneously reported in [33] and [34]. In the basis %act we obtain the

special arrow structure

~
5

Y\
=

− − +
+

�
!
  

"
$
##+

Z Z

Z Z

, ,

, ,

ρ ρ ρ
ρ

Τ 2 Τ

2

Β

σ
σ Ι

2 7
2 7 m 1

act

(33)

After column elimination, we arrive at the upper triangular matrix

Z

Z Z Z Z Z

Z
,

,

7

, , ,

7

,

7

,
%

DFW

+ − − =
− + + − + + − +

+ −

�
!
  

"
$
##+

+

σ λ λ
λ σ λ σ σ

σ λ
2

2 2 2

20
2 7 2 72 7 2 7 2 7

2 7
~
5 ,

,
Y\ P �

P �
Γ

ρ ρ ρ ρ ρ

act

which yields the characteristic polynomial

3 Z Z
F ,

7

,

P

λ λ σ λ σ λ1 6 2 74 92 7= − − + − + −1 2 2ρ ρ (34)

The eigenvalues which solve this characteristic polynomial are

λ

λ σ

λ σ

0

1
2

2

0

1

Y

Y ,

7

LY ,

Z

Z

=

= − +

= +

ρ ρ2 7
2 < i < m +1

(35)

 Similarly as for 5\\, we demonstrate that ΓNO is 5Y\-invariant and we determine the

restriction
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λ

λ σ

λ σ
λ σ

0

1
2

2

2

0

1

Y

Y ,

7

LY ,

LY

Z

Z

P

=

= − +

= +
= +

ρ ρ2 7
2 < i < m +1

2 < i < N -1

(36)

 (LJHQYHFWRU�GHWHUPLQDWLRQ

 As noted earlier, 
~
Rvy  can be expressed as

~ ~
R I s s Rvy N 0 0 yy= − T2 7 (37)

The matrix , V V
1

7− 0 0  is well described in Householder’s book[38].  In fact, it defines a

projection of the N dimensional space along the direction of V0. The matrix , V V
1

7− 0 0  has

these important properties:

 �� , 9 V⊥ 0 � , V V 9 9
1

7− =0 02 7 \ 9 ∈ Γ �

 � , 9 V/ / 0 � , V V 9
1

7− =0 0 02 7 �

 These properties allow us to conclude

V , V V 9 9

V , V V 9 9

� 1 � � LY L\

� 1 � � LY L\

⊥ ⇒ − = ⇒ ≤ ≤ +

⊥ ⇒ − = ⇒ + ≤ ≤ −

Γ Γ Γ

Γ Γ Γ

, 1

7

, 1 , 1

12

7

12 12

L P

P L

& & &,

,

2 7
2 7

=    for   

=    for   N

2 1

2 1

The projection matrix changes only the two first eigenvectors of \\ that span ΓE, because

they are the only eigenvectors in Γ which are not orthogonal to the SS signature vector V�.

Since all the other eigenvectors spanning the subspaces ΓI&N and ΓNO  are orthogonal to V�,

they do not change with the projection operator , V V
1

7− 0 0 . The two eigenvectors 9�Y and 9�Y

relate respectively to the two eigenvalues λ 0v and λ 1v, and they span the planar subspace

ΓE.  We arrive at
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9

9

�Y

Y

=
′

+ −
�
! 

"
$# ′ = +

�
��

�
�� − +

�
��

�
��

=
′

− ′ = −

1
1 1 1

1
1

0

2

0

2 2 2 2

1
1

1

γ
σ γ σ σ

γ
γ

Z Z Z
,

7

,

7

,

7

7 7 7 7

ρ ρ ρ ρ ρ

ρ ρ ρ ρ ρ ρ ρ

,

,

2 7

2 7

The eigenvector 9�Y is a normalized version of the MMSE detector.  9�Y is equal to 9⊥, the

normalized vector in ΓE orthogonal to the desired user signature ��� � ��can be expressed as

linear combination of the eigenvectors 9�Y and 9�Y

V 9 9
� �Y �Y

=
− +

′ − ′
1

1 2 0 1ρ ρ7
,

Zσ
γ γ1 6 (39)

 ([WHQVLRQ�RI�UHVXOWV�LQ�[33]

 In [33], Poor and Wang define the matrix 
~ ~
R I s s R I s svv N 0 0 yy N 0 0= − −T T2 7 2 7� In order

to simplify calculation of the tap weight error correlation matrix, they made the

approximation� Λ ≈ Λ ≈ Λ
\\ Y\ YY

��where Λ\\��ΛY\��and�ΛYY, are respectively the diagonal forms

of, 
~
Ryy ��

~
5

Y\
 and 

~
Rvv .  We write 

~ ~
R R I s svv vy N 0 0= − T2 7 and use the properties of the

projection matrix to determine the eigenvalues and eigenvectors of 
~
Rvv .

 
~
R svv 0 = 0, so � is the first eigenvector of 

~
Rvv , relative to a zero eigenvalue. All the

other eigenvectors of 
~
Rvv  are orthogonal to �, and therefore are invariant under the

Householder transformation. 
~
Rvv  has the same eigenvalues as 

~
Rvy . We conclude that the

approximation made in [33] is partially exact, L�H��

Λ Λ Λ
\\ Y\ YY

≠ = (40)

 Because of the special form of the projection matrix, we expect the eigenvectors of
~
Rvy  to follow those of 

~
Rvv , except those eigenvectors falling in ΓE, L�H�, in directions

containing energy from �.  Indeed our calculations show that the two matrices have the same

eigenvectors for �≤ L≤ 1��.  The first two eigenvectors on the other hand are different.
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 We make two important observations: the first eigenvector is a multiple of the

MMSE receiver, and the second eigenvector is the vector ⊥ defined in section 3.3 together

they span the space ΓE.  Note that these eigenvectors are not orthogonal (because 
~
Rvy  is not

symmetric), however �Y ⊥ �. It should be noted that the set of basis vectors %yy formed by

the eigenvectors of Ryy and the set of basis vectors %vy formed by the eigenvectors of 
~
Rvy

differ only in the first two vectors that describe the subspace ΓE by �\�and �\, instead of %vy

describe it by �Y�and �Y.

����� 7DS�:HLJKW�7UDMHFWRU\

 Having analyzed the matrix 
~
Rvy , we are now prepared to follow the trajectory of

the mean tap weight defined by

c c I R cN vyn E n n0 5 0 5; @ 0 5= = − −µ~
1 (41)

 We will express the matrix 
~
Rvy  in a basis of its eigenvectors %Y\�to yield a diagonal

form.  The initial value of the tap weight is taken to be the desired user’s spreading code (L�H�,

we initiate the algorithm with the matched filter receiver). Therefore, writing 0 in the basis

%v\, we arrive at

F , 5 V , 5

9 9

1 Y\ � 1 Y\

�Y �Y

Q

Z

Z

Z

Z Z

%

Q

%

Q

7

,

%

7

7

,

Y Y 1Y %

Q
7

7

,

Y

Q

%

7

7

,

Y

Q

7

,

Y\ Y\ Y\

Y\

V

1 6

1 6
1 6

= − = −
− +

⋅ ′ − ′

=
− +

− − − ⋅ ′ − ′

=
− +

′ − ′ −

= ′
− +

−
′ −

− +

µ µ
σ

γ γ

σ
µλ µλ µλ γ γ

σ
γ γ µλ

γ
σ

γ µλ
σ

~ ~

diag

1

1
0 0

1

1
1 1 1 1 0 0

1

1
1 0 0

1

1

1

2 0 1

2 1 2 0 1

2 0 1 1

0
2

1 1
2

ρ ρ

ρ ρ

ρ ρ

ρ ρ ρ ρ

L

L L

L

 The mean tap weight vector falls entirely in the subspace ΓE, therefore we can

write it in canonical parametrized form as
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F V 9
�

Q

Z

Z

7 7

7

,

,

7
Q1 6 2 7 2 74 9= +

−

− +
− − − +�

�
�
� ⋅ ⊥

ρ ρ ρ ρ
ρ ρ

ρ ρ
1

1
1 1 12

2

σ
µ σ

 It is clear that the second term on the right hand side of the above equation

represents the vector [0(n) which is orthogonal to the SS user sequence V0. We demonstrate

here that the direction of [0(n) does not change with n. [0(n) has the fixed direction of 9⊥ all

the time. Thus, only the norm of [0(n) changes with the time,  the instantaneous  value of

β.

 3DUDPHWUL]HG��PHDQ�WUDMHFWRU\

 We demonstrate that only the length of [0 changes with the mean evolution of the

blind adaptive detector. Let β(n) be the length of [0(n), we write

β
σ

µλQ

Z

7 7

7

,

Y

Q1 6 2 7 4 9=
−

− +
− −

ρ ρ ρ ρ
ρ ρ

1

1
1 12 1 (44)

which is an alternate mono-variable representation of the adaptive algorithm.

 $V\PSWRWLF�EHKDYLRU�RI�WKH�DGDSWLYH�DOJRULWKP

 If the convergence conditions are met, as Q tends to infinity F(n) approaches the

MMSE detector.

lim
Q

7 7

7

,

006(
Q

Z→∞

⊥ ⊥= +
−

− +
⋅ = +F V 9 V 9

� �1 6 2 7ρ ρ ρ ρ
ρ ρ

1

1 2σ
β (45)

we verify also that

lim
/
Q

Z

'(&

,

→∞
→

⊥= + ⋅ =
σ

β
2 0

V 9 F
� DEC (46)
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����� 7ZR�QHZ�VWHS�VL]HV

 Using the results of [14], it can be shown that the algorithm, derived in section

3.4.1, converges regardless of the initial condition to the MMSE detector, provided that the

step size shrinks as one over the iteration number

µ L
L

< 1
(47)

In [12], Honig shows that for stability, we must have

0
2 2≤ < =µ

λ λ
min

maxN
N

Y\

N
N

Y\
(48)

Alternatively, Honig   show in [14] that stability is also generated if the step size meets

the following criterion

0
2 2

0

1≤ < =

=

+

∑
µ

λWU

N

Y\

L

5
Y\

m (49)

however, convergence is very slow. In the following we derive a new step size that provides

much faster convergence [33].

 1HZ�IL[HG�VWHS�VL]H

 Given that λ0v = 0, the only eigenvalue that effects the stability of the algorithm is

λ1v, so that

µ
σ

<
− +

2

1 2
Z

,

7ρ ρ2 7 (50)

ensures convergence of the mean tap vector. Using the iterative expression β(n), we calculate

the limit of β(n) as n tends to infinity.
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lim lim

lim

Q

7 7

7

,
Q

Y

Q

7 7

7

,
Q

Y

Q

7 7

7

,

Q

Z

Z

Z

→∞ →∞

→∞

=
−

− +
− −

=
−

− +
− −

=
−

− +
=

β
σ

µλ

σ
µλ

σ
β

1 6 2 7 4 9

2 7 4 9

2 7

ρ ρ ρ ρ
ρ ρ

ρ ρ ρ ρ
ρ ρ

ρ ρ ρ ρ
ρ ρ

1

1
1 1

1

1
1 1

1

1

2 1

2 1

2 MMSE

(51)

This is a less restrictive stability constraint than the maximum eigenvalue of 5Y\

proposed in [14], and reproduced below for the system under consideration.

µ
λ σ

< =
+

2 2
2

max
5 Y\

4 9 Z
,

(52)

 It is of interest to mention that for a different scenario where there are many

CDMA users operating in the presence of  several narrowband interferers, the adaptive

receiver would not be confined to a 2-D space. In fact, any additional CDMA user introduces

a new dimension in the effective energy eigenspace. � In interpreting the narrowband

interference as m+1 CDMA users we would expect ΓE to grow similarly in dimension.

However, we show that being a single signal it, in fact, only contributes one dimension to ΓE

and we exploit this fact for faster convergence. In terms of generalization, while analytic

expressions would become more complicated, the existence of faster convergence criteria is

nevertheless established.

 1HZ�YDULDEOH�VWHS�VL]H�

 Using the expression of the instantaneous parameter β(L), we define the

instantaneous mean evolution of the algorithm (IME) as a function of the step size

                                                

5 This variable constraint was presented in the ,QWHUIHUHQFH�5HMHFWLRQ�DQG�6LJQDO�6HSDUDWLRQ�LQ�:LUHOHVV

&RPPXQLFDWLRQV�6\PSRVLXP, George Washington University, March 18, 1997 [37]
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IME( )µ β β

σ
µλ µλ

µλ
σ

µλ

µ µλ

= − −

=
−

− +
− − −

=
−

− +
−

= − −

−

−

−

L L

Z

Z

Z

7 7

7

,

Y

L

Y

L

Y

7 7

7

,

Y

L

,

7 7

Y

L

1 6 1 6
2 7 4 9

2 7

2 7

1

1

1
1 1

1

1
1

1 1

2 1

1

1

1 2 1

1

1

1

ρ ρ ρ ρ
ρ ρ

ρ ρ ρ ρ
ρ ρ

ρ ρ ρ ρ

(53)

 We define also the relative mean evolution of the algorithm (RIME), as the ratio of

the IME to βMMSE.

β β
β

µλ µλ
L L

Y Y

L1 6 1 6− −
= − −1

11 1

1

MMSE

(54)

 We propose to find the step size that maximizes the ratio RIME. As the logarithm

is a monotone function we maximize

ln ln ln ln
β β

β
µ λ µλ

L L
L

Y Y

1 6 1 6 1 6− −�
! 

"
$# = + + − −

1
1 11 1

MMSE

(55)

We take the derivative and set it equal to zero

∂
∂µ µ

λ
µλ

⋅ = −
−
−

=1 6 1 61 1

1
01

1

L
Y

Y

(56)

This equation has solution

1 11 1− = −µλ µλ
Y Y

L1 6  ⇒     µ
λ

= 1

1L
Y

To verify that the derived µ effectively maximizes the RIME, we calculate the second

derivative and we compare it to zero
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∂
∂ µ µ

λ
µλ

µ
λ

µλ

2

2 2
1
2

1

2

2
1
2

1

2

1 1

1

1 1

1
0

⋅ = − −
−

−

= − +
−

−

�
!
  

"
$
## ≤

1 6 1 6
1 6
1 6
1 6

L

L

Y

Y

Y

Y

(57)

 Since the second derivative is always negative, the derived expression m maximizes

the RIME. Thus, we arrive at a new time variant constraint to the step size

µ
λ

L
L

Y

1 6 < 1

1

(58)

 It is of interest to show that the new variable constraint to the step size is a product

of our previous fixed step size, and that of [14]. The new step size limit is able to increase the

convergence rate of the algorithm by employing a large step sizes in the beginning of

adaptation. The step size decreases with time, which provides an important enhancement of

the quality of convergence.



 

 &KDSWHU��

 

3HUIRUPDQFH�DQDO\VLV�DQG�D�QHZ�GHWHFWRU6

���

 

 

����� ,QWURGXFWLRQ

 In chapter 3, the brunt of our analysis is placed in examination of the signal space

and how various receivers project energy in this space. We examined the eigenspaces of the

received signal’s covariance matrix to partition the signal space in three subspaces, ΓNO, ΓI&N

and ΓE. We discovered that ΓE is a two dimensional subspace which contains all the energy

of the desired signal and a subset of the interference and noise energies. We showed that for

our virtual CDMA system, the three fixed receivers of interest all project the received signal

onto this two-dimensional subspace. By identifying this space we were able to parameterize

the receivers of interest by a single variable. The low dimension of the effective energy space

allowed us to define a general form of a linear receiver as function of one parameter. Each

receiver of interest was characterized by a particular value of this parameter.

                                                

6 This Chapter was presented in IEEE Globecom 1996 [35].
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 In section 4.2, we use the simple parametrized form of the linear detector to

formulate a parametrized version of the probability of error, the asymptotic efficiency, the

near far resistance, the mean output energy MOE, and the signal to interference ratio SIR.

This parameterization allows an alternate derivation of the MMSE receiver and also allows

us to see the effect of weak interference on the mean output energy (MOE). Using our

single parameter model of the MOE we identify an anomaly in the convergence of the

algorithm for weak interferers. In section 4.3, we show that while the MOE is always

convex, it is extremely shallow for weak interference signals. The shallow convexity ensures

that the algorithm will not be trapped by local minima, however it is easily lead astray by

spurious noise samples. We examine how system parameters affect the efficiency of the

convergence of the adaptive algorithm. We find the algorithm cannot effectively converge to

the MMSE receiver when the narrowband interference power is weaker than the spread

spectrum signal’s power. We present simulation results for the fixed and adaptive receivers.

Monte Carlo simulations confirm theoretical calculations of the probability of error for all

receivers. We show faster convergence of the stochastic gradient algorithm when the

constant new, looser constraint is applied to the step size, focusing on convergence along

the eigenvectors of interest. We also match Monte Carlo results to theoretical results for the

parameterized mean output energy illustrating sensitivity to interference power.

 Finally, in section 4.4, we propose a new detector which avoids the convergence

anomalies and use the new constraint on the step size to achieve faster convergence.

����� 3DUDPHWUL]HG�SHUIRUPDQFH�PHDVXUHV

�������3UREDELOLW\�RI�HUURU

 As mentioned previously, every linear filter which is intended to recover the true

SS user bits in our virtual CDMA system model described by Figure 2.10, can be expressed

in the simple canonical parametrized form

F V 90 = + ⊥
0 β (1)
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as function of a single parameter β. As explained in the previous chapter, the parameter β

entirely characterize any linear receiver for our system model. Recall that the NB interferer

is cast as m+1 mutually orthogonal virtual CDMA signal. We generate the detector estimate

of the SS bit using

$ sgnb t t dt0 0= �
! 

"
$#I F \1 6 1 6

0

7

(2)

equivalently, in the discrete model version

$ sgn ,

sgn , ,

sgn

b

D.S.

0 0

0 0

= < >

= < > + < >

=

⊥

F \

V \ V 9β

where D.S. is the decision statistic, or the output voltage, of the receiver.

 'HFLVLRQ�VWDWLVWLF�FDOFXODWLRQ

 In order to determine the probability of error we examine the decision statistic

D.S. for the SS bit. Using (1) and (3) we calculate

D.S. 0=< > + < >⊥V \ 9 \, ,β (3)

Then first term is

< >=< + + >

= + < > + < >

= + + < >

=

+

=

+

∑

∑

V \ V V V Q

V V V Q

E V Q

L

0 0 0 0 i i

0 i 0 0

0
T

0

b b

b b

b

, ,

, ,

,

Z

Z

Z

,

L

P

,

L

P

,

1

1

1

1

σ

σ

σρ

(4)

The second term is

< >=< −�
��

�
�� + + >

= − − + < > − < >
�
��

�
��

�
��

�
��

⊥

=

+

=

+

=

+

∑ ∑

∑

9 \ V V V V Q

E V Q V Q

, ,

, ,

[ Z

[ Z Z

L

P

,

L

P

, ,

L

P

ρ ρ

ρ ρ ρ ρ ρ

T
0 i i 0 0 i i

T T T
0 i 0 i

b bρ σ

σ ρ

1

1

1

1

1

1

12 7
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where [ =
−

ρ ρ 1− ρρT T2 7 1 2/

.

We consider now the entire expression for the decision statistics

D.S.

= b b

b

0

0 i i 0
T T

T
0 i 0

0
T T T

0 i 0

=< > + < >

+ + < > + − −

+ < > − < >
�
��

�
��

= + − − + − < > − < >
�
! 

"
$#

⊥

=

+

=

+

=

+

∑

∑

∑

V \ 9 \

V Q V E

V Q V Q

E V Q V Q

, ,

,

, ,

, ,

β

ρ σ β

β σ ρ

β σ β β ρ

Z [ Z

[ Z

Z [ [ [

,

L

P

,

,

L

P

,

L

P

1

1

1

1

1

1

1

1 1 1

ρ ρ ρ

ρ ρ

ρ ρ ρ ρ ρ

2 74 9

2 74 9 2 7

which can be expressed as the sum of the contributions of the SS signal 
~
S , the interference

~
I , and the noise 

~
N

D.S. S I N= + +~ ~ ~
(5)

where

~S = b0, 
~
I = IZ [

7 71 1− −β ρ ρ ρ2 74 9 E (6)

and

~
, ,N T

0 i i= − < > − < >
�
! 

"
$#=

+

∑σ β β ρ1
1

1

[ [

L

P

ρ ρ2 7 V Q V Q (7)

The effective additive white Gaussian noise, 
~
N, has zero mean and variance
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~ ~

, ,

, ,

, ,

σ

σ β β ρ

σ
β β ρ

β β ρ

σ β β

2

2

1

1 2

2

2 2 2 2

1

1

1

1

2 2 2 2

1

1

2 1

1

=

= − < > − < >
�
! 

"
$#

%
&K
'K

(
)K
*K

=
− < > + < >

− + < >< >

�

!

    

"

$

####
= + +

=

+

=

+

=

+

∑

∑

∑

E N

E

E E

E

2

T
0 i i

T
0

2
i

2

T
i i 0

T T

= B

2 7
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 3UREDELOLW\�RI�HUURU

The probability of error using this decision statistic against a zero threshold is

3 E E E E

E E

Z [ Z [

4
Z [

H

, ,

,

L

= = = − + = − =

= > = − + < =

= > − − − + < + − −
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−
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0 0 0 0
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T T im+1

β β

β
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ρ ρ ρ

E E

E

we arrive

3 4

Z

H

,

L

=
− −�

��
�
��

�
! 

"
$#

+

�

�

����

�

�

����

−

=

−
−

∑1

2

1 1

1

1

2
0

2 1

m+1

T 1
T i

m+1 β

σ β

ρ ρ ρ2 7 E

(8)

where EL�is an ordering of the m+1 narrowband bits.
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 Using the parametrized form of the probability of error we can derive the

probability of error of each receiver of interest: the matched filter, the decorrelating

detector, and the MMSE detector.

 $Q�DOWHUQDWH�GHULYDWLRQ�RI�WKH�GHFRUUHODWLQJ�GHWHFWRU

 This parametrization allows an alternate derivation of the decorrelating detector.

We know that the decorrelating detector is independent  of the near far ratio, therefore we

must have

1 1 0− − =β [ ρ ρT2 7  β β=
−

=
−

=1

1 1[

'(&ρ ρ
ρ ρ

ρρT

T

T2 7 (9)

The probability of error of the decorrelating detector is

3 4
H

'(&β β σ=
=

−�
��

�
��

1 ρ ρT

(10)

 $V\PSWRWLF�EHKDYLRU�RI�WKH�SUREDELOLW\�RI�HUURU

 From equation (8) we derive some asymptotic results and other observations. As

the near far ratio goes to zero, the probability of error for the linear detector approaches the

limit

lim
Z

H

,

3 4
→

=
+

�
��

�
��0 2

1

1σ β
(11)

 The near far ratio approaching zero corresponds to the single user channel. Using

this expression the probability of error is minimized for β=0, that is, for the matched filter

lim
Z

H

,

3 4
→ = =

= �
��

�
��0 0

1
β β σMF

(12)

 The correlation between the signatures sequences goes to zero as orthogonal

codes. In this case the probability of error approaches the same limit in (12), L�H. A single

user channel; and the matched filter is optimal. In most practical multiple access systems, the



&KDSWHU����3HUIRUPDQFH�DQDO\VLV�DQG�D�QHZ�GHWHFWRU

   85

signature sequences can not be kept orthogonal. If we nonetheless apply the matched filter

to such system, the probability of error will be

3 4
Z

H

,

L

β β σ= = +
=

−

=
−�

��
�
��

+

∑
MF

m 2

m 2

T i

0
0

2 11

2

1 ρ E
(13)

In the high SNR region (σ→0), the bit error rate is dominated by the largest term in the sum

(13).

�������$V\PSWRWLF�PXOWLXVHU�HIILFLHQF\

 7KH�HIIHFWLYH�HQHUJ\�RI�WKH�WUXH�66�XVHU

Because of the presence of interference in the channel the probability of error can

only increase. It is usually of interest to quantify the multiuser error probability relative to

that of single CDMA AWGN channel (12). To that end, we define the HIIHFWLYH�HQHUJ\ of

the true SS user, e0(σ), that the energy that this user would require to achieve the probability

of error equal to that of single CDMA user Gaussian channel with the same background

noise level, L�H.,

3 4
H

H
=

�
��

�
��

0 σ
σ
1 6

                                                        (14)

Since the probability of error of any multiuser detector is lower bounded by the single user

probability of error (12). The effective energy of user zero is always upper bounded by the

it’s actual energy

H0 1σ1 6 ≤

moreover, the probability of error expression (8) is dominated by the Q(.)  function with the

lowest argument. This argument is
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1 1
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−

=

+

− ∑Z
, L

L

P

β ρ

σ β

ρ ρT 13 8
(15)

which corresponds to replace ρT i
E  by ρ

L

L

P

=

+

∑
1

1

. Using this argument we can derive a lower

bound to the effective energy of the desired user as function of the single variable β   

H

Z
, L

L

P

0
1

1

2

2

1 1

1

1

β
β ρ

β
1 6

3 8
≤

− −�� ��
�
! 

"
$#

+

�

�

����

�

�

����

−

=

+

− ∑ρ ρT 1

(16)

 We normalized the true SS user energy to one, The X X H H H  which is

defined as the ratio between the effective and actual energies has the same expression as the

effective energy. By definition, the multiuser efficiency lies in the interval [0,1] and

quantifies the performance loss (in dB) due to the existence of  the narrowband user in the

channel.

 7KH�DV\PSWRWLF�PXOWLXVHU�HIILFLHQF\

 Recall that the asymptotic multiuser efficiency of the true SS user is defined as the

limit of its multiuser efficiency, (or the effective energy in our case), as the background noise

tends to zero. The asymptotic multiuser efficiency measures the slope with which the

logarithm of the probability of error decreases to zero as the signal to noise ratio increases.

The expression (16) does not depend on σ, that is, the asymptotic multiuser efficiency

denoted by η0 is

η β
β ρ

β0

T 1

1 6 2 7
2 7

=
− −�

��
�
��

�
! 

"
$#

�
! 

"
$#

+

−

=

+

− ∑max ,2

1

1

2

0 1 1

1

1Z
, L

L

P

ρ ρ
(17)

If  we suppose the following inequality is true
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Z
, L

L

P

1 11
1

1

−�
��

�
��

�
! 

"
$# ≥

−

=

+

− ∑β ρρ ρT 12 7 (18)

in this case the linear detector characterized by β is not efficient, and its probability of error

does not vanish as the background noise goes to zero, thus, η β01 6 = 0. However, if

Z
, L

L

P

1 11
1

1

−�
��

�
��

�
! 

"
$# ≤

−

=

+

− ∑β ρρ ρT 12 7 (19)

the asymptotic efficiency of a linear detector characterized by β is

 η β
β ρ

β0

T 1

1 6
2 7

=
− −�

��
�
��

�
! 

"
$#

�
��

�
��

+

−

=

+

− ∑1 1

1

1
1

1
2

2

Z
, L

L

P

ρ ρ
(20)

the expression (17) combines the asymptotic multiuser efficiency in both regions (18) and

(19).

 Using this expression we can derive the asymptotic multiuser efficiency of the

conventional detector, by setting β=0

η ρ0 0 1
1

1 2

1 6 = −�
��

�
��=

+

∑Z
, L

L

P

(21)

matching the expression derived by Verdù [2], for the special case where the interferers are

of equal powers and the mutual cross-correlation between them is equal to zero.

 The asymptotic multiuser efficiency of the decorrelating detector can be easily

derived from the equation (17) and using the variable βDEC

η β
β0 2

1

1
1

'(&

'(&

1 6 =
+

= −ρ ρT (22)

which does not depend on the near far ratio; it is then equal to it’s near far resistance.
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 For the MMSE we use it’s  the proper variable βMMSE expression, and we tend the

noise variance to zero

lim lim
σ σ

β
σ

β
→ →

=
−

− +
=

−
=

0 0 2

1

1 1006(

7 7

7

,

7

7 '(&

Z

ρ ρ ρ ρ
ρ ρ

ρ ρ
ρ ρ

2 7
(23)

which leads to the same expression as that derived for the decorrelating detector. The

asymptotic multiuser efficiency of the decorrelating detector and the MMSE detector are

identical.

�������7KH�QHDU�IDU�UHVLVWDQFH

 The  ( ) of the desired SS user is defined as the minimum

asymptotic efficiency over the relative energies of the interferers. In our case, all the virtual

interferers have the same power but not necessarily the same correlation with the desired

user.

η β η β1 6 1 62 7= min
Z

,

0 (24)

To find the minimum of the asymptotic multiuser efficiency, we minimize the numerator

of (20)

1 1 1
1

1

− −�� ��
�
! 

"
$#

�
��

�
��

−

=

+

− ∑Z
, L

L

P

β ρρ ρT 13 8 (25)

Clearly for large ZI the interference dominates and have zero near far resistance. However, if

the term multiplying Z
,

 is zero the dependence on the interference power is eliminated,

and we can have a non-zero . This occurs for

 1 01−�� �� =−
−β ρ ρT 13 8

which is just βDEC. Thus the decorrelating detector leads to an expression independent of  the

near far ratio ZI. This confirms that among all the detectors independent of the interference
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power, only the decorrelating detector [11] has non zero near far resistance. In our case the

 is equal to

η β
β'(&

'(&

1 6 =
+

= −1

1
12 ρ ρT (26)

matching the previous results of Rusch [28].

�������3DUDPHWUL]HG�02(

 In [14], Honig, �, demonstrated that the receiver which minimizes the MSE

also minimizes the mean output energy (MOE), defined as02( (( ) ,F F \= 2> C. We now

find an alternate derivation of the vector F which minimizes this expression, using our

subspace partition.  Any two vectors F and \ can be decomposed into their components

falling into each of the spaces ΓE, ΓI&N, and ΓNO as follows

F�= FE + FI&N + FNO, and  \�= \E + \I&N + \NO (27)

 The component FNO contributes only to noise enhancement at the receiver output,

and FI&N contributes only interference and noise energies to the mean output energy. It is

preferable to avoid theses noise and interference contributions. Indeed, for the received

signal \, only the component in ΓE will contain energy from the desired user. The component

of \ in ΓNO contains only energy from the AWGN, and the component of \ in ΓI&N has

energy only from the AWGN and the narrowband interference. We will minimize the noise

and interference energy in the output by choosing the components of FRSW in ΓI&N and ΓNO to

be zero.

FI&N = FNO = 0

This choice minimizes the mean output energy directly

02( ( ( (

(

( ) , , ,

,

F F \ F \ F \

F \

= + +

=

E E I&N I&N NO NO

E E

2 2 2

2

J L J L J L
J L
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Therefore Fopt falls in the two-dimensional space ΓE and can be written as F V 9
RSW �

= + ⊥β min .

To find the value of β minimizing the MOE, we write the MOE as a function of β and

differentiate.

02( Z Z

Z Z

Z Z Z Z

,

L

P

,

L

P

,

7

,

7

,

7 7

( ) , , ,

, , ,

β σ

β β σ β β

σ β σ β

= < > + < > + < >

= < + > + < + > + < + + >

= + + + − + − −

=

+

⊥ ⊥

=

+
⊥ ⊥

∑

∑

0
2 2

1

1
2 2

0
2 2

1

1
2 2

0
2 2 21 2 1

F V F V F F

V 9 V V 9 V V 9 V 9

� L

� � � L � �

ρ ρ ρ ρ ρ ρ ρρ 2 74 9 2 7

The value of β which minimizes this expression is

β
σmin =

−

− +

ρ ρ ρ

ρ ρ

ρ7 7

7

,
Z

1

1 2

2 7
=βMMSE (28)

matching the previous result for the MMSE detector that we derived in section 2.5.

 In Figure 4.1 we plot the MOE as a function of β and the interference power

(relative to the desired user’s power). The minimum of the function MOE(βMMSE) is traced

in the plot. Note that βDEC  does not vary with interference power and the MOE(βDEC) is a

straight line. The adaptive version of the MMSE receiver minimizes the MOE.  As the MOE

is convex in β, the algorithm will not be trapped in local minima. However, the function is

much less convex as the interference power approaches the desired user’s power, as is

evident in Figure 4.1, and is nearly flat for very weak interference. This leads us to anticipate

that the adaptive algorithm will be much less effective in the presence of a weak interferer,

as is demonstrated in the simulations of section 4.3.3.
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 This parameterization β can also be used to facilitate calculation of the SIR

defined as

SIR
signal power

MOE signal power
( )F

F

=
−1 6

For the three fixed receivers, we can write this as a function of β

6,5
Z

Z Z Z
,

7

,

7

,

7 7

( )β
σ β σ β

=
+ + − + − −

0

2 2 21 2 1ρ ρ ρ ρ ρ ρ ρ ρ2 74 9 2 7
(29)
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In Figure 4.2 we plot the SIR as a function of β and the interference power.  It is clear that

βmin gives a peak in the SIR for high values of interference power, whereas this peak is lost

for weak interferers.
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�������&RQYHUJHQFH�$QRPDOLHV

 Using our subspace approach to analyze the stochastic gradient algorithm, we can

examine new performance tests for the convergence of the algorithm by projecting the mean

tap weights onto the three subspaces ΓE, ΓI&N and ΓNO. Ideally the algorithm should only

have a non-zero projection onto the space ΓE, and this should asymptotically approach the

MMSE detector. The projection of the tap weight vector on the first eigenvector is

 β
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 (30)

and its projection on the second eigenvector is

F 9
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Q

Z
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,

7
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Q 7

,

1 6 2 74 9, 1
1

2
2 1
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1 1 1
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σρ ρ

ρ ρ
ρ ρ

 (31)

and finally, its projection on the other eigenvectors are

F 9
Y

Q L 1
L

1 6, = ≤ ≤ −0 2 1for   

 This shows that ideally, the mean tap weight vector lies entirely in the effective

energy eigenspace. In Figure 4.3 we examine the sensitivity of the gradient algorithm to the

interference power via simulation. We project the tap weights as proposed in equations (30-

32) and plot the simulation projections versus the theoretical values. We project along 9�Y

and 9�Y in ΓE and 9�Y, 9�Y and 9�Y in ΓI&N. In Figure 4.3 (a) we have a very weak interferer,

10 dB down from the CDMA signal, and it is difficult for the tap weight vector to achieve

the desired dynamics. We note that nonzero components and found outside ΓE. Due to the

weak interference signal, the adaptation is being driven by noise samples. In Figure 4.3 (b)

we have a moderate interference power, 10 dB up from the CDMA signal, and the gradient

follows the theoretical mean values more closely, but still varies significantly from the

optimal values.
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In Figure 4.3 c) we have a strong interferer, 30 dB up from the CDMA signal, and the

gradient attains the optimal tap weights.

 This important convergence anomaly becomes evident using the subspace

analysis. The extreme difficulty of the algorithm to converge, and possibly diverge, when

only a small interference power is present, is a serious problem.  This anomaly is explained

by the very weak convexity of the mean output energy for weak interferers, as demonstrated

in Figure 4.1.  While the algorithm will not be trapped by local minima, it is easily lead astray

by spurious noise samples.

 In Figure 4.5 we simulate the stochastic gradient and project the detector energy

onto the three subspaces ΓE, ΓI&N and ΓNO.  As the interference power diminishes we see a

more and more significant portion of the detector energy appearing in ΓNO. This corresponds

to a large component of the detector output being attributable to noise only. While [14] and

[33] alluded to the inefficiency of the gradient and the desirability of switching quickly to a

decision-directed LMS detector, we now see that when the interference power is weak it is

unlikely that the gradient will ever produce meaningful output.

 A second anomaly which we highlight is the possible divergence of the algorithm

when allowed to operate indefinitely. The gradient is always sensitive to a large noise

sample. The longer the algorithm is allowed to run, the more likely that an outlier noise

sample will occur and force the gradient to follow the noise into the space ΓNO. Once

displaced into ΓNO the algorithm has great difficulty in returning to ΓE. This problem is

alluded to in [12], where a step size that shrinks as one over the iteration number is

suggested to effectively stop adaptation after a certain point.
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�������&RQYHUJHQFH�7LPH�ZLWK�1HZ�6WHS�6L]H

 We now examine the improved convergence time of the new step-size constraint

presented in equations (30-32) as opposed to the old criteria proposed in [14] and [33].

Figure 4.4 presents curves for the theoretical simulation results of the projections of the

mean tap weight vector versus iterations for an interference power of 30 dB and m = 4. We

project the tap weights as proposed in equation (30-32)  onto the subspaces ΓE and ΓI&N. It

is clear that the new step size allows convergence in dozens of iterations, versus hundreds of

iterations for the old step size. Given that we wish to switch out of the stochastic gradient

adaptation as soon as possible, the new step size criteria is an important improvement to the

algorithm. Note though that we also see in these plots the additional excess noise caused by

the faster convergence.
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�������3UREDELOLW\�RI�HUURU�RI�YDULRXV�UHFHLYHUV

 In Figure 4.6 we present Monte Carlo simulation results and theoretical

calculations of the probability of error for three fixed receivers: the matched filter (MF), the

decorrelating detector (DEC), and the MMSE detector. We also present simulation results

for the stochastic gradient algorithm. All simulations use a maximal length sequence of

length 63 for the true spread spectrum user, a noise power 6 dB down from the despread

CDMA signal (as proposed in [17] during field trials), interference powers that vary from

parity with the CDMA signal to 40 dB stronger, and one or two virtual CDMA users. We

see that for MF, DEC, and MMSE simulation and theory match well. The decorrelating and

MMSE detectors yield very similar performance. The blind stochastic gradient algorithm

achieves better performance in strong interference environment. Its probability of error

decreases as the near far ratio increases. We note similar performance with m=4, and 8. The

gradient’s performance improves as the interference power increases. To arrive at reliable

estimates of the probability of error it was necessary to run the algorithm for millions of bits.

This allowed adequate opportunity for the gradient algorithm to be lead astray by noise and

significantly differ from the MMSE detector, even for very strong interference.
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����� 7KH�QHZ�GHWHFWRU

 In view of the mentioned anomalies, we propose a new detector which takes

advantage of the new step size for quicker convergence, while avoiding adaptation when the

interference power is weak.  A functional block diagram of the proposed receiver is given in

Figure 4.8. There are two factors that determine the algorithm’s continuing adaptation:

iteration number and interference power.  When the interference power is very weak, � ., no

power is detected, the matched filter is nearly optimal, and the control forces the receiver to

the matched filter.

 If the interference power is strong, the algorithm has a good chance of converging

to the MMSE receiver. In this region the MMSE detector is closely approximated by the

decorrelating receiver, and we will effectively be converging to the decorrelating detector.

Once enough iterations have passed for convergence, we average over several dozen bits to

find the mean value for the tap weights and use this as a fixed receiver (alternately we could

use this as the initial state for a decision-directed version of the LMS algorithm). If the

interference power degrades significantly we also stop the adaptation, as the likelihood of

drifting out of ΓE and into ΓNO is quite great.

 
  Blind detector

Interference
Threshold
Detector

Adaptation
Matched

Filter

I

- Activate
- Deactivate
- Reset

\(n)

[(n-1)V
�

y(t)
<F(n),\(n)>

$b

V F

 Figure 4.9 and Figure 4.10 show simulation results for the proposed blind

detector vs. MF, DEC, MMSE, and the blind stochastic gradient algorithm for m=1, 2, 4,
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and 8. The proposed detector achieves better performance, notably for weak interference

scenario (unless otherwise indicated the old step-size is used). For most plots the proposed

receiver achieves the performance of the decorrelating or MMSE detector. This detector ran

adaptively at an interference power of 30 dB for 1000 bits. The tap weight values were then

averaged over the last 100 iterations. This receiver (now fixed) was used to calculate the

probability of error for the range of interference powers. At the time the gradient algorithm

was stopped, it had formed a good estimate of the MMSE detector (noise outliers being

unlikely is so few samples).
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&RQFOXVLRQ

 In this work we addressed the problem of coexistence of spread spectrum

communications with pre-existing digital narrowband (NB) system. We considered the

digital narrowband signal as an interference in a code division multiple access (CDMA)

system implemented with direct sequence spread spectrum (DSSS). We examined the

feasibility of employing signal detection techniques from multiuser CDMA to combat the

interference caused by the presence of strong narrowband digital interferer. We adopted the

channel model of Rusch and Poor [29,30], where they treated the scenario of one NB and

one SS signal, and they modeled it as a virtual multiuser CDMA system. They addressed the

conventional (MF) and the decorrelating detectors (DEC), while we investigate in section

2.5, (and in [31]), the minimum mean square error (MMSE) receiver. We applied this

detector to the narrowband suppression problem, arriving at a closed form solution for the

MMSE detector, a closed form expression of its decision statistic as well as its probability of

error. The derived closed form of the MMSE detector as well as that of the decorrelating

detector have the advantage that they can be implemented in a simple form of  modified

matched filters.

 Even though it was demonstrated that the DEC and the MMSE are efficient

against digital NB interferer, these detectors require (or must acquire) the knowledge of all

the users’ signatures, timing, and powers. However in a practical context, this information is

not readily available especially in our case of narrowband interference. This led us to

investigate the feasibility of adaptive and blind detection techniques for the narrowband

suppression problem.

 In multiuser detection theory, Honig, Madhow, and Verdù [14] proposed a blind

adaptive version of the MMSE detector by applying the gradient descent algorithm on the

mean output energy (MOE). This stochastic algorithm leads adaptively to the MMSE
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solution, and it requires only the desired user’s signature. We focused on this blind

suppression technique, applying it to our narrowband suppression problem.

 We adopted a subspace strategy to describe the mean evolution trajectory of the

blind detector (or the tap weight vector of the gradient descent algorithm). Our strategy

clarified the dependence of the blind detector performance on some environment (or

interference) parameters. We highlighted severe problems and inherent anomalies of the

stochastic blind adaptive detector.

 Firstly, we identified a special distribution of the received energy in the signal

space, which led us to determine the eigenspaces of the system dynamics and to analyze the

convergence of the blind adaptive algorithm for our channel. Using this eigenspace analysis,

we partitioned the signal space into different significant subspaces. We demonstrated the

significance of these subspaces in terms of how energy from the desired SS user, the AWGN

and the narrowband interference is distributed among them. In particular the subspace ΓE,

which is a two dimensional subspace, contains all the energy of the desired signal and a

subset of the interference and noise energies.

 We discovered that the minimized function, the MOE, exists entirely in the only

two dimensional subspace ΓE. This observation allowed us to express the mean output

energy of every linear canonical form detector as a single variable function. We denoted this

single variable β, and we defined a general expression of every canonical linear detector as

function of β. We expressed the most useful performance measure parameters such as the

probability of error, the signal to interference ratio, the effective energy, the asymptotic

multiuser efficiency, and the near-far ratio as function of the single variable β. We

discovered also that the most useful fixed detectors such as the conventional detector and

the decorrelating detector [30], as well as the MMSE receiver all lie in the two dimensional

eigenspace ΓE. We identified each investigated fixed detector by a special value of β, (βMf for

the matched filter, β DEC for the DEC detector, β MMSE for the MMSE detector). We also

derived the useful performance measures of each fixed detector from those of the general

canonical linear detector.
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 Secondly, we identified two new constraints on the step size of the stochastic

algorithm which can decrease the convergence time considerably. The first constraint is

constant, and is derived from the fact that the minimized function, MOE, is a single

parameter function,  that is, only one eigenvalue must be taken into account. This eigenvalue

is not necessarily the  maximum. In our case, the minimum non-zero eigenvalue must be

used to fix the constraint on the step size (denoted λ1v in the text).

 The second constraint is time-variable, and is derived via a new criteria we defined

in the text. Using this criteria we maximize the convergence rate of the algorithm. We

expressed the relative instantaneous mean evolution (RIME) of the algorithm as function of

the iteration number and the step size. We derived the step size value which maximizes the

RIME as function of the iteration number. This time-variable constraint is of great practical

interest demonstrating that we can begin the convergence with relatively large step size, and

decrease the step size as the iteration number increases (or we approach the convergence). It

can be used to effectively reduce the excess noise energy viewed by the stochastic algorithm.

 Thirdly,  we demonstrated that the convexity of the mean output energy depends

of the interference environment. The function MOE is much less convex as the interference

power approaches the desired user’s power, as is evident in Figure 4.1, and is nearly flat for

very weak interference. We demonstrated with simulation results that the blind adaptive

algorithm is much less effective in the presence of a weak interferer. The performance of the

blind adaptive detector decreases dramatically in the weak near-far ratio situation.

 A second convergence anomaly we detected in the possible diverge of the

algorithm when allowed to operate indefinitely. Since the gradient is always sensitive to a

large noise sample, the longer the algorithm is allowed to turn, the more likely that an outlier

noise sample will occur and force the detector to leave the desired trajectory.

 Fourthly, we proposed a new blind adaptive receiver that avoids the convergence

anomalies, while capitalizing on the new step size for faster and better quality of

convergence.
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 Finally, we recall that in our work we analyzed the scenario of only one CDMA

user plus only one narrowband user. We believe that for a different scenario where there are

many CDMA users operating in the presence of  several narrowband interferers, the adaptive

receiver would not be confined to a 2-D space. In fact, any additional CDMA user

introduces a new dimension in the effective energy eigenspace.� In interpreting the

narrowband interference as m+1 CDMA users we would expect ΓE to grow similarly in

dimension. However, we showed that being a single signal it, in fact, only contributes one

dimension to ΓE .

 Generalizing our results for multiple SS users, or multiple NB signals is not trivial;

however, the convergence anomalies we identified exist naturally for such more general

scenarios. Our analysis for the restricted case highlights the origins of  these convergence

anomalies of the blind detector,  especially the dependence on the interference power level.

While analytic expressions would become more complicated in the general, the existence of

faster convergence criteria is nevertheless established.
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The determinant of the above matrix is easily calculated to be
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eigenvector components.

 We proceed similarly to find the second eigenvector 91y=[Y0, Y1, ...Ym+1]  relative
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After some manipulations, we get the following compact normalized form of the two
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 The third eigenvalue is of multiplicity m. Thus, the associated eigenspace is of

m+1 dimensions. Each eigenvector 9i\ in this eigenspace solve the equation

5 , 9\\ P � \− =+λ L\ L3 8 0

Thus, the system of linear equations describing the eigenspace relative to the third
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eigenvalue is
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 We demonstrate in the following that all the above m vectors from the eigenspace

associated with the third eigenvalue are orthogonal to the real SS signature V�. We calculate

the inner product between the SS signature vector V� and each every eigenvector 9iy relative

to λiy, for L P= +2 1,...



 L

   113

V V0 0 1 1
2

1

1

2

1

1
2

1

1

0 0 0

0

, , , ,..., , , ,...,VL\ L L L M

M

L

L

L L M

M

L

L L M

M

L

= −
�
! 

"
$#

=
�
��

�
�� −

�
��

�
�� =

−
=

−

=

−

=

−

∑

∑ ∑

ρ ρ ρ ρ ρ γ

ρ γ ρ ρ γ ρ

This result is of great interest, as it allows us to define an m-dimensional subspace spanned

by the m eigenvectors relatives to the third eigenvalue. This subspace is included in Γact and

we call it ΓI&N.

 The remaining 1�P�� eigenvectors of the covariance matrix 
~
5

\\
 relating to the

remaining eigenvalues λ σ
L\

L P 1= = +2 2, ,...,  can be easily determined by combining the

above m+1 eigenvectors and the standard basis vectors, using Gram-Schmidt

orthogonalization.

 For constants ∆+, ∆-, and γi defined in the appendix, the orthonormal set of

eigenvectors is given by
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